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1. Introduction

This Special Issue of the scientific journal Axioms, entitled “Recent Advances in Frac-
tional Calculus”, is dedicated to one of the most dynamic areas of mathematical sciences
today. For 50 years, the number of researchers and scientific productions dealing with this
topic has been increasing day by day, which clearly demonstrates the growing interest in
fractional calculus, both from a practical and a theoretical point of view.

Fractional calculus is important because it expands the scope of classical calculus,
enabling the modeling and analysis of a wide range of complex phenomena in fields such
as physics, engineering, biology, economics, and others. Its flexibility and explanatory
power make it an invaluable tool in scientific research and practical application.

The diversity of fractional calculus, and thus of this Special Issue, is well illustrated
by the various types of fractional operators considered in the published contributions,
such as Caputo-type, Hilfer-type, and Riemann-Liouville-type, and the various types of
inequalities presented, such as Bullen-type, Jensen—-Mercer-type, and Hermite-Hadamard-
type, in addition to the examined fractional-order differential equations and boundary
value problems.

2. Overview of the Published Papers

This Special Issue contains 10 articles that were accepted for publication after a rigorous
review process.

Ogbu F. Imaga, Samuel A. Iyase, and Peter O. Ogunniyi (Contribution 1) consider the
existence of solutions for a mixed fractional-order boundary value problem at resonance
on the half line, in which Caputo and Riemann-Liouville fractional derivatives appear.
Conditions for the existence of solutions to the problem are given using Mawhin'’s coinci-
dence degree theory when the dimensions of the kernel of the linear fractional differential
operator are two. At the end of the paper, the main result is applied to an example boundary
value problem.

Sheza M. El-Deeb and Luminita-loana Cotirla (Contribution 2) introduce and investi-
gate the properties of some new subclasses of the class of meromorphic p-valent functions in
the punctured open unit disk. To define these subclasses, a new linear differential operator
is presented by using the combination of g-derivative and convolution. Various properties
are studied, and results are given for coefficient estimation, distortion bounds, convex
family, and the concept of neighborhoods and partial sums of analytic functions for the
class in question.

Ayub Samadi, Sotiris K. Ntouyas, Bashir Ahmad, and Jessada Tariboon (Contribu-
tion 3) investigate a non-linear, non-local, and fully coupled boundary value problem
containing a generalized Hilfer fractional derivative and generalized Riemann—-Liouville
fractional integral operators. Existence and uniqueness results are established by trans-
forming the given problem into a fixed-point problem, which facilitates the application of
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fixed-point theorems. The main results are accompanied by three examples. The paper
concludes with some new results arising from the findings as special cases.

Ahmed Salem and Kholoud N. Alharbi (Contribution 4) analyze an infinitely delaying
system of Caputo fractional evolution equations with an infinitesimal generator operator.
The authors examine a moderate controllability solution based on two different arguments,
one using compactness technology and the other using non-compactness. The first argu-
ment is based on Krasnoselskii’s theorem, while the second one is rooted in the Kuratowski
measure of non-compactness and the Sadovskii fixed-point theorem. They achieve the
mild solution by assuming that the generator is an infinitesimal generator of a strongly
continuous cosine family of uniformly bounded linear operators. Finally, the results are
illustrated with a numerical example.

Isa A. Baba, Usa W. Humpbhries, Fathalla A. Rihan, and Juan E. Napoles Valdés (Con-
tribution 5) construct a fractional-order COVID-19 model consisting of six compartments in
Caputo sense. The model integrates the indirect mode of transmission of the virus, which
a result of the shedding effect. The main achievement of the article is the mathematical
demonstration of the fact that an uninfected population can become infected via both direct
and indirect methods by the exposed or infected class. In addition to the analysis of model’s
mathematical properties (positivity and boundedness, computation of equilibria, basic
reproduction number, existence and uniqueness analysis of the solution of the model, local
stability analysis), optimal control analysis and numerical simulations are provided.

Constantin Fetecau and Costicd Morosanu (Contribution 6) address two main topics
in their paper. The first topic is a rigorous qualitative study of a second-order reaction—
diffusion problem with non-linear diffusion and cubic-type reactions, as well as inho-
mogeneous dynamic boundary conditions. They extend previously known results by
enabling new mathematical models to be more suitable to describe the complexity of a
wide class of different physical phenomena in life sciences, including moving interface
problems, material sciences, digital image processing, and others. The second topic is the
development of an iterative fractional step-type scheme which approximates the non-linear
second-order reaction—diffusion problem. Convergence and error estimates are established
for the proposed numerical scheme, and a conceptual numerical algorithm is formulated.

Bahtiyar Bayraktar, Péter Korus, and Juan Eduardo Népoles Valdés (Contribution 7)
consider convex functions, general convex functions, and differentiable functions whose
derivatives, in absolute value, are generally convex. They obtain various relevant Hermite—
Hadamard-type fractional inequalities via non-conformable fractional integrals, using the
classical Jensen-Mercer inequality and its variants for general convex functions. In addition
to showing that the main results extend previously known results from the literature, their
three examples illustrate the scope and strength of their results.

Mohammad Faisal Khan, Suha B. Al-Shaikh, Ahmad A. Abubaker, and Khaled
Matarneh (Contribution 8), starting from the known theory of g-calculus, define a differin-
tegral operator for m-fold symmetric functions and obtain a new class of close-to-convex
bi-univalent functions. The authors estimate the general Taylor-Maclaurin coefficient
bounds, the initial coefficients, and the Fekete-Szego functional for this class of func-
tions using the Faber polynomial expansion method. The results obtained are novel and
consistent with previous research, which is highlighted by some of the obtained corollaries.

Asfand Fahad, Saad Ihsaan Butt, Bahtiyar Bayraktar, Mehran Anwar, and Yuan-
heng Wang (Contribution 9) establish a new fractional Bullen-type identity for twice-
differentiable functions in terms of fractional integral operators. Using convexity properties,
the authors obtain some generalized Bullen-type inequalities, which are supplemented
with concrete examples with graphical representations. They provide an analysis of the
estimates of boundaries and show that the improved Holder and power mean inequalities
give better results in the upper limit than classical inequalities. Some applications with re-
spect to quadrature rules, modified Bessel functions, and digamma functions are provided
at the end of the article.
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Muhammad Aamir Ali, Thanin Sitthiwirattham, Elisabeth Kobis, and Asma Hanif
(Contribution 10) present an integral identity that incorporates a twice-differentiable func-
tion. After presenting this equality, some new Hermite-Hadamard-Mercer-type inequali-
ties are given for twice-differentiable convex functions. Furthermore, it is demonstrated
that the newly introduced inequalities serve as generalizations of certain inequalities previ-
ously established in the literature. Finally, the authors provide some applications which
illustrate the scope and usefulness of their results.

Acknowledgments: The Guest Editors of this Special Issue would like to thank all the authors who
contributed their high-quality research papers to this publication. Furthermore, thanks are due to the
reviewers and editors, who, through their tireless work, helped make this publication a success.

Conflicts of Interest: The authors declare no conflicts of interest.
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Abstract: This work considers the existence of solutions for a mixed fractional-order boundary value
problem at resonance on the half-line. The Mawhin’s coincidence degree theory will be used to prove
existence results when the dimension of the kernel of the linear fractional differential operator is
equal to two. An example is given to demonstrate the main result obtained.
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1. Introduction

Fractional calculus has become increasingly popular lately as a result of some inter-
esting properties of the fractional derivative. For instance, the fractional derivative has a
memory property that enables its future state to be determined by the current state and all
the previous states. This makes fractional differential equations applicable in various fields
of science and engineering [1-3].

When the corresponding homogeneous equation of a fractional boundary value prob-
lem (FBVP) has a trivial solution then the FBVP is a non-resonance problem and its solution
can be obtained using fixed point theorems, see [4-7] and the references cited therein. When
the homogeneous equation of a FBVP has a non-trivial solution then the problem is a reso-
nance problem and the solution can be obtained using topological degree methods [8-15].

In [16], the authors consider a higher-order fractional boundary value problem involv-
ing mixed fractional derivatives:

(~1)"CDE_DP, 1 f(tu(t) =0, 0<t<1,

w(0) = u®(0)=0,i=1,...,m+n—2, DS u(1) =0,

where CD{ _ is the left Caputo fractional derivative of order & € (m —1,m) and Df 4 is the
right Caputo fractional derivative of order g € (n — 1, n), where m, n > 2 are integers.

Guezane Lakoud et al. [17] obtained existence results for a fractional boundary value
problem at resonance on the half-line:

—CDE_DP x(t) + f(t,x(1)) =0, te01],

u(0) =u'(0) =u(1) =0,

where —CDS‘_ is the left Caputo fractional derivative of order « € (0,1], and Dg . is the
right Caputo fractional derivative of order g € (1,2].
Zhang and Liu [15] considered the following FBVP

D, x(t) = f(t, x(t), D% 2x(t), DX 'x(t)), t e (0,1),



Axioms 2022, 11, 630

x(0) =0, D§. 'x(0 2 Dy 'x(&), Dy 'x(1 2 Dy x

where 2 < a < 3, Dy, is the Riemann-Liouville derivative of ordera, f € [0,1] x R® — Ris
a Caratheodory function, &;, 7; € (0,1) and {¢;}%, {7:};"% are two monotonic sequences
withlim; . & =a, limi_,yi =b,a,b€ (0,1), a;, Bif e R.

Imaga et al. [18] obtained existence results for the following fractional-order boundary
value problem at resonance on the half-line with integral boundary conditions:

D”l(l)p(Dngu(t)) + e*tw(t,u(t),D&u(t)) =0, t € (0,0), (1)

1570u(0) = 0, (D5 u(+e0)) = ¢p(Df, u(0)), ©)

where D” is the left Caputo fractional derivative on the half line and D} , the right
Riemann-Louville fractional derivative on the half-line, 0 < a,b < 1,1 < a+b < 2,
dp(r) = [r[P72, p > 1, with ¢y = ¢, and 1/q+1/p = 1. w : [0,400) x R* = Ris a
continuous function.

Chen and Tang [9] established existence of positive solutions for a FBVP at resonance
in an unbounded domain:

Do u(t) = f(t,u(t), tel0,+oo),

u(0) = u’'(0) = u”(0) =0, Dg;lu(O)_thrp D tu(t),
—r 00

where Dy, is Riemann-Liouville fractional derivative, 3 < a < 4and f : [0, +00) x R — R
is continuous.

Motivated by the results above, we will use the Mawhin coincidence degree theory [19]
to study the solvability of the following mixed fractional-order m-point boundary value
problem at resonance on the half-line:

DG, Df.u(t) = f(t,u(t), Dy u(t), D u(t), t€ [0,+00) ®)

n
127u(0) = 0, D5 Mu(0 sz/ u(¢;), Dy u(+o0) Z,BkDmu 1) (4)

where f : [0,+00) x R3 — R is a continuous function, CDS+ is the Caputo fractional
derivative, Dg+ is the Riemann-Liouville fractional derivative, 0 < a < 1,1 < b < 2,
0<a+b<30<f << <fm<+00,0<my << - <fm<+oo,a; €R,
j=12,---,mand By € R, k = 1,2,--- ,n. The resonant conditions are Y} ; By =
Yt aj=land Sy By ' = Xl w6t =0

In Section 2 of this work the required lemmas, theorem, and definitions will be given,
while Section 3 is dedicated to stating and proving the main existence results. An example
will be given in Section 4.

2. Materials and Methods

In this section, we will give some definitions and lemmas that will be used in this work.
Let U, Z be normed spaces, L : dom L C U — Z a Fredholm mapping of zero index
and A: U — U, B: Z — Z projectors that are continuous, such that:

ImA=%ker L, ker B=ImL, U=ker Lbker A, Z=1ImL® Im B.

Then,

Llgom Loker 4 : dom LNker A — Im L
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is invertible. The inverse of the mapping L will be denoted by K4 : Im L — dom L Nker A
while the generalized inverse, K4 g : Z — dom L Nker A is defined as K4 p = K4 (I — B).

Definition 1. Let L : dom L C X — Z be a Fredholm mapping, E a metric spaceand N : E — Z
a non-linear mapping. N is said to be L-compact on Eif BN : E — Z and Ky gN : E — X are
continuous and compact on E. Additionally, N is L-completely continuous if it is L-compact on
every bounded E C U.

Theorem 1 ([19]). Let L be a Fredholm map of index zero and let N be L-compact on Q) where
Q) C U is an open and bounded. Assume that the following conditions are satisfied:

(i) Lx # ANx for every (x,A) € [(dom L ker LNaQ)] x (0,1);

(ii) Nx ¢ Im L for every x € ker LN oCY;

(iii) deg(BN|yer 1, ker L,0) # O, where B : Z — Z is a projection with Im L = ker B.

Then, the abstract equation Lu = Nu has at least one solution in dom L N Q.

Definition 2 ([20]). Let &« > 0, the Caputo and Riemann—Liouville fractional integral of a function
x on (0, +o0) is defined by:

I8, x(t) = r(la) /0 t (rf(;)l_adr, te[0,1]

Definition 3 ([20]). Let « > 0, the Caputo (“Dg, x(t)) and Riemann—Liouville (D§, x(t))
fractional derivative of a function x on (0, +o0) is defined by:

1 ar ot x(r)
Cpu . Y4 _ o0
D0+x(t)fD0+x(t)fr(n_a) dtn/o (t_r)HHdr, t € (0, +c0)

wheren = [a] + 1.

Lemma 1 ([21]). Let a € (0, +c0). The general solution of the Riemman—Liouville fractional
differential equation:
Dj+8(t) =0
isg(t) = byt L+ bpt" 2 - byt where b € R, j=1,2...,nwhile, the general solution
of the Caputo fractional differential equation:
D8+g(t) =0
isg(t) =do+dit+ -+ dut", whered; € R, i =0,1,...,nand n = [a] + 1 is the smallest
integer greater than or equal to a.
Lemma 2 ([21]). Leta € (0,+c0)andi=1,2,...,n,n = [a] + 1 then
(I8 DE.g)(t) = g(t) +dit" P +dot" 2+ - +dpt"™™"
holds almost everywhere on [0, +o0) for some d; € R. Similarly,
(16 “DG+8) (£) = g(1) +do + dit' +dot® + - - - + dyt"

holds almost everywhere on [0, +o0) for some d; € R,i =0,1,...,n.

Lemma 3 ([21]). Leta >0, p > —1, t > 0, g(t) € C[0, +c0), then:

; _ Te+D) ta+p.
(i) It = e e,

(ii) Dg+ th = r(rp(ii)u) t"=P, for p > —1, in particular for D(“)+ t=k =0 k=1,2,...,N, where

N is the smallest integer greater than or equal to a;
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(iii) D, 15, g(t) = g(t), g(t) € C[0, +o0);
(iv) 18,18, g(t) = I3 Pg(t).

Let

pb-1 Dby
. |M(t)| . | 0+ u(t)‘ . | o+ (t)| .

= + : 1 | —_— 1 _—
u {uEC[O, oo) t1m T+ patb’ m TS and ; m 1544 exists

with the norm ||u||; = max{||u||o, ||Dg:1u||1, \|Dg+u\|2} defined on U where:

bh—
|u(t)] Do tu(t)]
ta—i—b’ 1+ tu—l—l

|Dgu()]

and [Df,ulz = sup 2

te[0,4-c0]

IDG M ully = sup
te[0,4-c0]

lullo=sup
te[0,+o0] 1+

Let Z = {z: C[0,+00) : SUP;c[0,+00) |z(t)| < +oco} equipped with the norm ||z||z =
SUP; ¢ 0,4 00) |z(t)|. The spaces (U, || - ||i7) and (Z, || - ||z) can be shown to be Banach Spaces.

Additionally, define Lu = ©D§ Dg+ u(t), with domain

domL = {u elu: CD8+D3+u(t) € Z, boundary conditions (4) is satisfied by u},
and the non-linear operator N : U — Z will be defined by
(Nu)t = f(t,u(t), Dhtu(t), DS u(t)), te€[0,+o0),
hence, Equations (3) and (4) may be written as

Lu = Nu.

Definition 4. The set Y C U is said to be relatively compact if

le{ u(t) :uEY}, Yzz{DSJrlu(t):ueY}, Ysz{lw:”ey}

1 4 patb 1+ ta+l 1+ 4

are uniformly bounded; equicontinuous on any compact subinterval of [0, +0c0) and equiconvergent
at: +oo.

Definition 5. The set Y C U is said to be equiconvergent at +oo if given € > 0 there exists a
T(€e) > 0, such that:

Dy 'u(h)  Dgilu(t)
1 1
1+F 1+5*

D8+u(t1) B D8+u(t2)
1+6 1+1

u(ty)  u(ts)

and
1+ i’%+b 1+ tg+b

where t1, t) > T.

Lemma 4. ker L = {cit’ +cot’™1 : ¢j,c0 €R, t € [0,40)}and ImL = {z € Z : Byz =
BZZ = 0}

n 1 m 5
where Bz = ) ,Bk/ k(;yk — 1) Yz(r)dr and Byz = ) ocj/ ](éj —r)z(r)dr.
0 - 0
j=1

k=1

Proof. Consider D¢ 4 Dg+ u(t) =0 for u € ker L, then by Lemma 1

u(t) = et + ot T c3tt2, ¢, 03 €R.
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Applying the boundary condition Ig: bu(0) = 0, gives c3 = 0. Thus, u(t) = c;t’ +
cot?~1. Next, consider CD8+D8+u(t) = z(t) forz(t) € Im L and u € dom L, then

u(t) = Igibz(t) +oqt? + optt T gt 2,
From IS;bu(O) = 0 we obtain ¢3 = 0. Therefore,
Dy, u(t) = I8, z(t) +c1 +cat ! (5)

By boundary condition D8+u(+oo) = Lk ﬁkD8+“(77k) and the conditions } j_; Bx = 1,
Yk-1 5k’71:1 =0, (5) gives

" 1
Biz= Y B [ (i~ 1) =(r)dr =,
k=1 70
Similarly,
Dy tu(t) = Iz(t) + ert + oo, (6)

by boundary condition Dgllu(O) = ;”:1 tx]'DgI lu(cfj) and resonant conditions Z;-”:l aj=1
and 2}"21 zxjgjfl =0, (6) gives

m é] .
Byz —];zxj/o (& —r)"z(r)dr.

O

Let A = (Bit" le " Byotle ™) — (Bot" et - Bytle™") = (g11- 822) — (21~ g12) # O.
Let the operator B : Z — Z be defined as

Bz = (Az) + (Agz) - 1

where 1 1
Mz =+ (dnBiz+ 612Brz)e™, Apz = § (021812 + 62Byz)e,

and §;; is the algebraic cofactor of g;;.

Lemma 5. The following holds:

(i) L:dom L C U is a Fredholm operator of index zero;
(i)  the generalized inverse K4 : Im L — dom L Nker A may be written as

Kaz = I81z(t).

Additionally,
IKaz| = llzl|z.

Proof. (i) For z € Z, it is easily be seen that A;((A1z)) = (A1z), A((Ax2)t?) = 0,
Ar((A1z)) = 0, and Ay((A22)t?) = (Ay). Hence, B2z = Bz, thus Bz is a projector.
We now prove that kerB = Im L. Let z € kerB, since Bz = 0 then z € Im L.
Conversely, if z € Im L, then by Bz = 0, z € ker B. Therefore, ker B = Im L.
Letz € Z, thenz € ImL and z € kerB, hence, Z = Im L + ker B. Assuming
z= clifh’1 + c5t?, then since z € Im L, then from equation
Aqcytt—le ™t 4+ Ayeptt—le=t =0,
{ Avcrthet b,—t _ 7)
101t%¢ 7" + Apcrt’e™ = 0.
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gives c; = ¢y = 0, since A # 0. Therefore In LNIm B = {0} and A = Im L & Im B. Thus
dimker L = codim Im L = 2 implying L is a Fredholm mapping of index zero.
(ii) Let A : U — U a continuous projector be defined as:

b b
Dy, u(0) ;4 , Dg,u(0) b

At = =Tt T Tt

For z € Im L, we have
(LK4)z(t) = “D§. D§. (Kaz) = “D§, DS 15, I8, z(t) = z(t).
Similarly, for u € dom L Nker A, we have
(KaL)u(t) = (Ka)“D§, D, u(t)
= 1,16, “D§, D u(t)
= Ig+(D8+”(t) +d1)
_ ngrl”(o) b-1 I(%j”(o) b—2 D3+“(O) b

=) = T ro-1' To+D

Since u € dom LNkerA, Au(t) = 0 and Ig;bu(O) = 0, then (KoL)u(t) = u(t).
Therefore, K4 = (L|gom rrker a) - Furthermore,

|15102(1)] 1 t _

K — — P a+b—1 d

|| AZ”O te[s()l,lfw) 1+ta+b te[s()l,lfm)1+tu+b F(a)l“(b) /0( 7’) Z(T’) r
1

< WHZHZ < zllz,

152 (8)| 1 1 t
1Dy 'Kpzly = sup SO = /U—H%Uﬂr
" te[0,4+-00) 1+ o+l te[0,+o0) 1+ttt T(a+1) 0
1
< — " Izll7 < ||z
= (a+1)F(a+1)|| HZ = H HZ
and
|15,z(1)] ' lzllz
ID§ Kazllz = sup —F—= = sup SRR}
+ re[0to0) 144 te0100) 1T 1 I(a+1)
<Lzl < e
= T(a+1)"0e ==z

Thus,
IKazl| = max{[|Kazllo, |G Kz, DG4 Kazll2} < |zl
Proof of Lemma 5 is complete. [

Lemma 6. The operator N is L-compact on Q, where O C U is open and bounded with dom
LNQ #@.

Proof. Let u € Q then

INullz = sup |[f(t,u(t), D u(t), D5 u(t))| < +oo, t€ [0,400). (8)
te[0,+o0)
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It follows that
UL _ Nu
|B1Nu| = /0 (e —1)° 1Nu(r)dr < ” ”Z Z |Brlnp < +o0 9)
and
- ' [Nul|z ¢ 41
|ByNu| = 2 / Nu(rjdrds| < (208 Y aglgf < teo 10)
Then,

IBNullz = sup [(AiNu(t)) + (Az2Nu(t))]
te[0,+00)

[Nul|z

(11)
1[Gl + 15D 3 1l + ol + 1ol

IN

m
)2 |a]-a:;?“} < +oo.

Therefore, BN (Q) is bounded. In addition, || Nu||z 4 | BNu||z < +oc. In the following
steps, we show that K4 (I — B)N(Q) is compact. Let u € Q and m(t) = (I — B)Nu(t), then:

|Ka(I—B)Nu(t)| _ 15 om(t)] sup gatb l[m||z
14 atb T4 = ey L1978 (2 +D)T(a)T (D) (12)
S S
= (a+b)(a)T(b) " "#
IDSfKA(I—B)Nu(f)I _ I8 m(t)| sup pit1 l[m|z
14 pat+l 1+ o+l te[0,400) 14 o+l (a+1)1"(a + 1) (13)
1
< -
and
|DS, Ka(I — B)Nu(t)| _ |15, m(t)] < sup t |mllz
14t L+t 7 o) L T(a+1) (14)
1
< .

From (8), (11)—(14), we see that K4 (I — B)N(Q) is bounded. Next, the equi-continuity
of K4o(I — B)N(Q) will be proved. For u € Q, t;, to € [0,M] with t; < t; and
€ (0, +00), then:

‘KA(I_ B)Nu(t;) Ka(I—B)Nu(t)

14470 1+t
1 H (tl _ r)u—i—b—l t (tl _ r)a—H:—l
) [ /0 T m(r)dr—/o 71_””% m(r)dr
1 1 (15)
(fl _ r)a-i—b—l (tz _ r)u—&-b—l

1 (tg—tp)th
a+b 14 +h

= r|(|;71 J|r|Zb) [/otl

— Qasty — ty,

+b +b
144 1414

10
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’D8+1(KA(I — B)Nu)(h)  Dg;'(Ka(I = B)Nu)(t2)
1 1
1+ #7F 1+1t5"

= mllz Utl (=7 (ta—7) 1 (tz_tlyﬂ] (16)
TT(a+1) Lo (14t 1t a+1 14471
— 0ast] — fy,
and
‘D3+(KA(1— B)Nu)(t) DY, (Ka(I — B)Nu)(tp)
o] 1+iﬁ( o 1;;; (b )" )
ml|z 1 (ty — 7)™ tp — 1)~ th — 1
< _ 27 h) 0ast; — to.
= T(a) [/0 1+ £ 1+16 2 1+14 } —rash=h

Thus, (15)—(17) shows that K4 (I — B)Nu(Q) is equi-continuous on the compact set
[0, M]. Finally, we show equi-convergence at +oco. Let T > 0 be a constant such that

lg(r)] =|(I—=B)Nu(r)| <r, uecQ.
el . . b-1 . . -1
In addition, since lim;_, 4 frtiﬁb = limy 400 Hfti‘zﬂ = limy 400 f:—ta = 0, then for
same € > 0, there exist M > 0, such that for M < t; < tp, we have

(tl _ r)a+b71 (fz _ r)ﬂ‘i’h*l

1447 1447

a+b—1 a+b—1
tl t2

é - <€,
1+ 144570

(i—=1r)" (—1)"

+1 +1
1+4 1+

t? £
1 N 2 <
T+ 14t

and
(tl _ r)a—l B (tz _ r)”_l talzfl B tg_l .
1+t T4+ | =14+ 1+t 7
Hence,
’KA(I — B)Nu(t;) Ka(I—B)Nu(tz)
1+ pt0 144440
1 ho(t — r)”+b—1 o (t — r)a—«—b—l
< - - A _ A
<rarmllh o s = [ g (i (18)
1 M| (¢, — p)atb-1 ty _ p)atb—1
< / ( : )aer B ( 2 )g+b |g(1’)|d1’
L(@r(b) Jo | 1+t 1+
1 t (tl — T’)LH»bil 1 ty (tZ _ r)ﬁH*b*l
dr + / d
+ F(a)F(b) /M 1+ ttlH-b ‘8(7’)| r F(a)F(b) M 1+ tg_'_h |g(r)| r
Mrte 2T€e

S GEDT@T®) T aF D@0’

11
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‘DMKA(I— B)Nu)(t) Dy (Ka(I— B)Nu)(t) .
RN 1+ 871
1 Mi(t—1)"  (ta—1)"
SIW—l—l){/g 1+tu+1_1+t“+1 |g )|dr
1 i (t—r)" (tp—71)"
T+ [/M 1+t”+1g( ndr /M Htgﬂg(f)dr}
< Mrte n 2Te
“T(a+1) T(a+2)
and
D}, (Ka(I = B)Nu)(t1)  Dj, (Ka(I — B)Nu)(t) o0
1+ 1+
1 M (tl o r)a—l (tz _ 1,)11—1
<F(ﬂ)“o 1+ 1+t“ (r)ldr
1 (tl — r 2 — T
+11F(11)[/M 1+ dr+/ T (r)dr}
< Mrte 2Te

ST "Tar

Hence, K4(I — B)Nu(Q) is equi-convergent at 4co. Therefore, by Definition 1,
Ka(I — B)Nu(Q) is compact, therefore, the non-linear operator N is L-compact on Q.
This concludes proof of Lemma 6. [

3. Results and Discussion

Here, the conditions for the existence of solutions to problem (1.1) subject to (1.2)
is proved.

Theorem 2. Let f be a continuous function. If (¢1) and (¢1) holds, then, the following conditions

also hold:
(Hy) There exists functions p(t), u(t), v(t), o € C[0,+c0), such that for all (j,k,1) € R3 and
t €[0,+o00),
(60, DY (), DY ()] < p() 7 ) w0 o), @
PO TR T = 4 patd 1+ ol 1+

(Hp) There exist constants M > 0, such that for u € dom L if |D8+u(t)\ > Mfort € [0,+0),
then either
B1Nu(t) #0 or ByNu(t) #0.

(Hs3) There exists a constant C > 0, such that if |c1| > C or |cp| > C, then either
BiN(c1t*~1 4 cot?) + BoN(eyt' =1 4 e0t%) <0 (22)

or
BlN<C1fb71 + Czl’b) + BzN(Cﬁbil + Cztb) >0 (23)

where ¢1, ¢ € R satisfying ¢z + ¢ > 0.
Then, the boundary value problem (3) and (4) has at least one solution provided:

I'(a+1)

lellz + [lpllz +viiz < Ta+1)+2

Proof. The proof will be completed in four stages.

12
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Stage 1. We will establish that Oy = {u € dom L\kerL : u = ANu, forA € [0,1]}
is bounded. Let u € (g then u = (u — Au) + Au € dom L\ ker L. This means that
(I —A)u € dom LNker A and Au € ker A, hence, LAu = 0. By Lemma 5, we have

(I = A)ul| = [KaL(I = A)ul| < [[L(I = A)u| = [[Lu|| = || Nul|z. (24)

Since u € )y, then Lu = ANu. Additionally, by (Hy) there exists t; € [0, +o0), such
that | D} Lu(ty)] < M, therefore

A [h
DG4 u(0)| < [Dfu(ty)] + W/o (1 = )" f(r,u(r), Do tu(r), DG u(r)) | dr
(25)
1
<M+ m”N“HZ-

In addition,

1 =1 1 tb
Aullo < |DE u(0)|| —— su sup —— | <2|DE. u(0)],
” H | 0+ ( )‘ (F(b) te[O,EOO) 1+ taer (b_|_ 1) (0, foo) 1+ fatb | 0+ ( )|

1 1 1 t
DY Aully < IDEu(0 < 2|Dt. u(0
| Do, Aully < |Dg,u(0)] (D) te[soufoo)1+ta+l+ T(b+1) te[Oufoo)1+ta+1 < 2|Dg, u(0)]
and
108, Auls < DL @) =1 sup 1L sup —L ) <20t u(0)|
0+ 12 = 1Ho+ T(0) te[O,fw)1+ta T(b+1) te[ofw)uta = #1Ho

Therefore, from (25), we have

1Aul| < max{]fullo, DG, w1, 1D ull2} < 2|D§,u(0)] < 2M + [Nul|z (26)

_2
I'(a+1)
and from (24) and (26), we have

lullu < [[Aullu + (11 = Allu

2
<2M 1+ ——||IN
<am+ (14 oy ) INlz

2 2
< oM+ (14 53y ) Il + Dl + Ilz) + (1+ s ) el

2M + (1 + %HHJHZ

ullu <

1= (14 ) lelluClolz + el z + Ivllz)

Thus, ()4 is bounded.
Step 2. Let O = {u € ker L : Nu € Im L}. For u, Nu € O, then u(t) = c1t?~1 + c,t?. and
BNu = 0. Thus, from (H3), we have |¢1| < C and |cz| < C. Hence, (), is bounded.
Step 3. For ¢1,cp € R, t € [0, +00), the isomorphism | : ker L — Im B is as

1
](Cltbil + Cztb) = X [((511C1 + 51262) + ((5216‘1 + (522C2)t et (27)

13
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Suppose (22) holds, let
Oz ={ueckerL:AJu+(1—A)BNu=0,A €[0,1]}.

Let u € O3, then u(t) = c1t?~1 4 c»t?. Since A # 0, then

{ A+ (1= A)BiN(cytt=1 4 cpt?) = 0, 28)

A+ (1 — A)BaN(cpt? =1 4 cpt?) = 0.

When A = 1, we obtain ¢; = ¢ = 0. When A = 0, ByN(cit*~1 + cot?) = BoN (et~ +
cot?) = 0,which contradicts (22) and (23). Hence, from (H3), we obtain |c;| < C, and
lc2] < C.ForA € (0,1),if |c1] > Cor|Cz| > Aby (22) and (28), we have

A2 +3) = —(1—=A)[BIN(c1 " 4 c2t?) + BoN(ey 771 4 ept?)] < 0,

which is a contradiction. Hence, ()3 is bounded.

Similarly, if (23) holds and Q3 = {u € kerL : AJu — (I —A)BNu =0,A € [0,1]}, O3
can be shown to be bounded by similar argument.
Step 4. Let ) D U?Zlﬁi. Finally, we will show that a solution of (3) and (4) exists in
dom L N Q). We have shown in Steps 1 and 2 that (i) and (ii) of Theorem 1 hold. Finally, we
show that (iii) also holds. Let H(u, A) = £AJu + (1 — A) BNu, then following the arguments
of Step 3, it follows that for every (u,A) € (ker LN Q) x [0,1], H(u, A) # 0. Therefore, by
the homotopy property of degree

deg(BN|kerr, QNkerL,0) = deg(+],QNkerL,0)
— +1#£0.

Therefore, by Theorem 1 at least one solution of (3) and (4) existsin U. O

4. Conclusions

This work considered a mixed fractional-order boundary value problem at resonance
on the half-line. The Mawhin’s coincidence degree theory was used to establish existence
of solutions when the dimension of the kernel of the linear fractional differential oper-
ator is two. The result obtained is new and an example was used to demonstrate the
result obtained.

5. Example

Example 1. Consider the following boundary value problem:

eStsinDE,u(t) e DR ult) o
17(1 +£2) 9(1+t3) i 15(1+2)

1 3
“Dg D u(t) = €[0,+00) (29

| ! 2 1 (1 11
I, u(0) =0, D0+u(0):§D0+u 1) Dg u 5)

L
3
(30)
3 3.1 (1\ 1.1 (3
D0+M(+OO):1D0+M g +1D0+M g 7.

Herea:%,b % = % —%@1:4,52:2151 4152*4”71_577 %
n—m—Z 22 106]6_1 Z —1& ]_112%:15“7}(_1:0/[‘&:1.3](*1'
lollz = 17 SUPyefo 400) 7 = 17/ 1l z = § 5UPLefo 100 le ™' = 5

14
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[VllZ = 75 SUPsc (o100 e~ = 15 Then, [lollz + [lullz + vllz = 17 + § + 15 = 0.2367

3
T(a+1) =T(}+1) = 1. Then, r(ﬂ()ﬁz — 0.3071. Hence,
2

I'(a+1)

lellz + llullz +viiz < NCESIES)

Finally, conditions (H;) - (H3) can also be shown to hold. Therefore (29) and (30) has
at least one solution.
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Abstract: In this paper, we define three subclasses MZ:Z(q, A,B), Iy (A7), RZ’q()\, U, 7) con-
nected with a g-analogue of linear differential operator DZ’Z g Which consist of functions 7 of the form

FQ=¢P+ ¥

. ,Dn,q F !
a;¢ (p € N) satisfying the subordination condition p — % { M + p} <
j=1=p

Dy (0)

pii—’gé Also, we study the various properties and characteristics of this subclass MZZ* (n,A, B) such

as coefficients estimate, distortion bounds and convex family. Also the concept of § neighborhoods
and partial sums of analytic functions to the class M;Z (1, A, B).

Keywords: fractional derivative; convolution; meromorphic function; g-analogue of linear differential
operator; complex order; g-starlike; g-convex; neighborhoods; partial sums

MSC: 30C50; 30C45; 11B65; 47B38

1. Introduction

Let My, is the class of p-valently meromorphic functions of the form:
FQ) =7+ Y o (peN={12..}), (1)
j=1=p

which are analytic in the punctured open unit disk A* := {{ € C: 0 < || <1} = A\{0}.
Let F and & are analytic functions in A, we say that F is subordinate to £ if there exists an
analytic function @(¢) with @(0) = 0and |@({)| <1 ({ € A) such that F = E(@(7)). We
denote by F < & (see [1,2]):

Let the functions F({) € M, defined by (1) and G({) € M defined by

bii' (peN). @)
p

G =C"+ i
L

]_
The Hadamard product or convolution of F({) and G({) is defined by
(FxG) @) ="+ Y apgl = (GxF) (). ®)
j=1-p

In this paper, we define some concepts of fractional derivative, for any non-negative integer
j. the g—factorial [f] ! is defined by (see [3]):

17
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Assume that 0 < q < 1, the g-number [j] 4 are defined by (see [3-9]). where

. 1—g '
[ly= 1L =1+) 4" @)

El-Deeb et al. [10] defined the g-derivative operator for F * G as follows (see [11])

(F*G)(q0)—(F*G)(0)
- c#0
D = C(q-1)
((F+9)(Q) { N T ©
Also, we have
- (FxG)(q0) — (FxG)(Q) _ ’
qgr?_Dq(f*g)(g) qlgllﬂ_ =1 = ((F*=G)(0)) -
From (1) and (5), we get
Dy(F*G)(C) := —[focpl + Y [ilabd " ¢ #0. (6)
j=1-p
Also, we define the linear differential operator DZ,’Z,g : /\/lp — /\/lp as follows:
Dug o F () = (F+G)(Q),
P
D GF() = [‘]j]qg Dy (DU F (D)) + (1 —a)(F + G)(C) + 205
_ o [ aqP[j],+(1-a)[p], '
= P +]._;_’p<qq+[!7]qp>ajbj€]
DY GF(Q) = g Dy(DisF Q) + (1 —a)Deh g F(§) + 20
+(1 a)[p
o £ e
‘ p
DUGFQ) = e (PLF) + (- P vl
_ o (aq?[j];+(1-a)[p
= ¢ P.,.j_;p(‘”[p]) g @)

(peN,neNy=NU{0},0<g<1, a>0).

From (7), we obtain the following relations:

P
(i)DZ?Jf@)—ﬁqéDq( W GFQ) + (- )DL G F(Q) +2a7, L €A (@)

0 Ty 7€) = fim DL F(@) =77 1 (M) wed cea o)

18
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Remark 1. (i) By taking G({) = % (or bj = 1) in this operator DZ:ZQ’ we have the linear
differential operator Dy ,, , defined by El-Deeb and El-Matary ([12], With A = 1);

(ii) Put o = 1 in the operator D g e get the (p, q)-analogue of the operator DZ,’E defined
as follows:

o0 g n
DZ'g,f(g) ="+ Y (W) aibill (peN,neNy, 0<q<1,{e€A"); (10
' j=1-p\

(iii) Let « = 1 and q — 1 in the operator DZ:Z,Q' we have the operator D;,G defined as follows:
n n - S i\" ] *
Dy, gF(0) = hm \ Dy (0) =07+ ; (;) aibif/, (p €N, neNy, {€A"); (11)
J=i=p

(iv) Taking &« = 1 and G({) = f 2 (or bj = 1) in the operator D 4 p,gr We have the (p,q9)-
analogue of Salagean operator Dy, , defined as follows

(] . n
DpF(Q) =07+ ) (q‘E ]Mq> ajCj (reN,neNy,0<g<1, €N, (12)
/ j=iop\ P

(v) Putting q — 1~ and o = 1 in the operator DZZ g+ we get the operator in meromorphic
DZ g defined as follows:

Dy F(e) = lim DI (@) =" +j_;p(;) aibidl, (peN, neNy, {€A). (13)

A function F € M), is said to be in the subclass MS™ () of meromorphic starlike functions
of order 7 in A%, if it satisfies the following condition (see [13-16]):

ER(g}_f(g))<7 (CeA:;0<y<). (14)

A function F € M, is said to be in the subclass MC(«y) of meromorphic convex functions
of order v in A%, if it satisfies the following condition (see [17]):

%Gﬁﬂ;é?><_v(ggAﬂogy<U. 1)

It is easy to observe from (14) and (15) that
F e MC(y) & —IF € MS*(y). (16)

We will generalize these classes by using the new operator D"/ ., we define the new

w,p,G’
class M’ pa (A, 1, ) and study some theorems for this class.

Definition 1. Assume that F € M be in the class szg (n,A,B)if

,_1 C( apg]:(g)) o 1+ A

17
1) Dy FQ) “PTvBL 47

19
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or, equivalently, to
((Pup o (@)
Dia? @)

(e " FQ)
DT F (@)

+p

<1 (18)

+ p[(A—B)n + B]

(preN,neNy, 0<g<1l,a>03eC’, -1<B<ALI1 €A

Let ./\/l;‘, is subclass of M, which contains functions on the form:

F@Q) =" "+Y.ad (peN). (19)

j=p
Also, we can write
n,qg,x n, *
My (n,A,B) = MyL(n, A, B) N M,
Remark 2. (i) Taking g — 17, we get 111{1 M’;jZ(x\, woy) =:Ip oA, y), where I (A, 1, 7y)
q—=1-

represents the function F € M, that satisfies (18) for D g replaced with 7., 5 given by (9);

(ii) Putting « = 1, we get the subclass R"’q()\ u,y ) represents the function F € M that
satisfies (18) for D g replaced with D ¢ 8iven by (10).

2. Basic Properties of the Subclass My b (y,A, B)
Theorem 1. The function F defined by (19) belongs to the subclass MZ:Z/* (n, A, B) if and only if

I gk

G+ )1 = B) = plyl(A— B)) (TR ) by o < plyi(a-). Qo

j=p

Proof. Let (20) holds true, we get

!

(D467 (@) + DT @) - |BE(PUAgF@) + B3~ )+ ApIIDL G F ()
c- [l + (-l \"
= Z (W) aibigitp

7(A—B) +Z (G+p)+py(A— B)](W) ajbigt

ly

- Plil+(1—a)[p i
< Y (i+p (W) b]-]a]-‘r”p—pn(A—B)
j=p

= Pl -2, \" ;
—E[B(J+P)+P'7(A—B)](W) bja; |7

i=p
& . 2y +(1-0)[p), " :

= Yla-B)G+p) - prla - ) (LG by o747 pya - ) @y
J=pP

Since (21) holds for all r € (0,1). Letting r — 17, we obtain
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BO(DI G F(©)) + [Bp(1— 1) + Apy DY o F Q)

(P17 (©) + PR ()| -

311- 8+ )~ py(a - B) (L) g — py(a - 5)
=P
0 (by (20)).

IN

IN

Hence, we get F({) € My (1, A, B).
Conversely, Let F () belongs to M},4(17, A, B) with F() of the form (19), we find
from (18), that

é( apg}—(g)> +PD,ng-7:(€)

BE (DA g F(2)) + [Bp(1—b) + Apb|DY 7 (2)

0 aaP il +(1—a n -
2y >(W> ajb P
j=p
_ ; <1. (22
, Pljl,+(1—a)[p] :
p(A—B) +j§p[3(] +p) +pn(A—B) (W) ajbigI ey

—.

3

Using the fact that R{{} < || for all {, we get

!/

¢(Di 47 (@)
Piyg?©

Bg( «PGF(C)) -
ot Fg T BP(L—n)+ Apn]

+p

R <1, len. (23)

!

. ¢(p21 o F @) . . .
If we take ¢ on real axis, so that o Fgy 18 real. Upon clearing the denominator in (23)
a,p,g
and letting ¢ — 17, we get
- aq” iy +(1-a)[pl; \ "
RGP0 =) gl 8 (RG] bl < plria - )21

which we’ve got the assertion (20) of Theorem 1. [

Corollary 1. The function F({) be defined by (19) belongs to MZZ* (n, A, B), then

I pli|(A —B) (=) (25)
vl J

This result is sharp for F given by

pll(A—B) ;
G+ P = B) —plyl(a - B (“LLeg=) s,

FQ)=¢7"+ 7 G=p). (6

Theorem 2. The function F () defined by (19) belongs My&" (n, A, B), then for |{| = r < 1,
we have
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{<p+m -~ pllnl(A - B) rzp}rw)
(p—1)! 2(1—B) — [[(A — B)](1 +a(g? —1))"(p —m)'b,

(m) (p+m—1)! p!|n|(A —B) 20 L —(pm)
<|7 @‘S{ -1 2B~ (A-B)(+a@ 1) (p—mi, p} o

This result is sharp for F given by

[7/(A —B)
2(1—B) = [5|(A = B)J(1 +a(q? —1))"b

Proof. Let F({) € My%"(y, A, B), then

F@Q) =7+

é’P

pl2(1 - B) — [n[(A—B)](1+a(g” —1))"(p — m)!by & Z

Tkl

(27)

(28)

p!
< 0+ n0-» - pirica - B by fa] < plria B
which yields
L G < A s e s
Differentiating both sides of (19) m times with respect to {, we get
Fm(r) = (—1)mw (ptm) 4 2 |a,\gf " (peN,0<m<p) (30)

(p—1!

and Theorem 2 follows easily from (29) and (30), and it is easy to have the bounds in (27)

are attained for F given by (28). O

Theorem 3. The function F defined by (19) belings to MZ:Z'* (n,A,B), then

(i) F is meromorphically p-valent g-starlike of order p (0 < p < [p]q) in the disc |{| < 11,

(1)

(32)

(33)

that is, o
{DgF (& }
-1 > <r,0<p<|pl,reN),
{ 70 p (Igl<n p<Iply PEN)
where
1
: ag? i+ (1=)lpl, \ " [ (7] '
G+ )1~ B) = plyl(a — B) (L= ) T (B TP
r1 = inf
YT ply|(A —B) (i, +o)
(ii) F is meromorphically p-valent q-convex of order p (0 < p < [p}q) in the disc || < ra,
that is,
Dy (ZDyF (1))
R — | 2= ) b > <r,0<p<[pl, peEN),
{ ( D, F Q) p (gl <r, 0<p<I[ply pEN)
where
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1
. ag? (il + (1= )y " (7]
G+ P)1 =B~ plrl(a — ) (L) (B o)y TP
rp = inf - ) ! . (34)
= pavlil, ([, +p)Inl(A - B)
Each of these results is sharp for the function F({) given by (26).
Proof. (i) From the definition (19), we easily get
0e 1) | by L (g + )l 127
F(Q) 1 < =p (35)
{DyF () Inl ~ S iy
# - +2p| 205 —p) —Ep([ﬂq — 7 +20)|a|Ig)P
We have the inequality
§DyF (L) | Il
F@) T <1(0<p<lpl;peN) (36)
DFQ) Iy, e
Fo 7

)y ( [[ﬂfp) |aj| g P < 1. (37)

j=p N\ F

Hence, by Theorem 1, (37) will be true

(ll,+p) [(j+P)(1—B)—p|17|(A—B)]<"W> b,
ST < g
(B PIII(A—B)
q
1
[(j+p><1-3)_p|,7|<A_B)]<w”wq+[;]l—a>[mq> b <[§1c,_p> TP
7] < q )
pli|(A—B) ([iL,er)

the inequality leads us immediately to the disc |{| < rq, where 7 is given by (32).
(ii) To prove the second assertion of Theorem 3, we get from the definition (19) that

Dy (D) 7y ¥ 11, ([, + )] 1217
Dy /() 7 < j=p (39)
Dg(ED4F (¢ [p] i S [p] itp
e - b2 z%(%—m—],gpw]q(mq—%Hpﬂa;-ﬂ@f*ﬂ
Thus, we have the desired inequality
Dy((Dy7 (@) | Pl
DyF(0) 77
<1(0< peN), 40
I IR
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if
< qP[jl, [ U], +e '
3 [P]q ﬁ |a; 12V < 1. an
J=p 7
From Theorem 1, (41) will be true if
| Pl -l \ "
@il (W, +e ), . [(]+P)(1—B)—pIUI(A_B)}<W> b
L o |1e 7 < ‘7 (2)
P\ PIA—B)

The inequality (42) readily yields the disc |{| < rp, where r, defined by (34), and the proof
of Theorem 3 is completed. O

3. Neighborhoods and Partial Sums

By following the earlier works based upon the familiar concept of neighborhoods of
analytic functions by Goodman [15] and Ruscheweyh [18] and (more recently) by Altintas
et al. [19-21], Liu [22], Liu and Srivastava [23] and El-Ashwah et al. [24], we introduce here
the J-neighborhoods of a function 7 € M, has the form (1) by means of the definition
given by:

N§(]:)={h: he My, h(Q) =07 + Z cz]and

w [(+p)(1—B)—ply|(A-B) (M'U Mm”) bj
Ry Pl = B)

(neNy, 0<g<1l,a>0neC*, -1<B<A<LI) } (43)

lej —aj| <0

Using the definition (43), we will obtain the following theorem:
Theorem 4. The function F defined by (1) belongs to M (1, A, B). If F satisfies the condition

F(Q) +e?

e € Myl(n,AB) (e€C, |e] <5, 6>0) (44)

then
Ns(F) € Mpi(y, A, B). (45)

Proof. From (18), we obtain i € My (, A, B) if, for o € C with |o| = 1, we have

g(DZZgh@)) + PPy @)

- ~ #0 (Led), (46)
B (D2 gh(Z) ) + [Bp(1 — b) + ApbIDY 5h(7)
which is equivalent to
BB 2o gear, )

where, for convenience,
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Y@=+ Yyl
j=1=p

4 ) (1= Bo) — plylo(A — By (YO0
© [G+p) ) = plylo( )] L, :

=P
‘ +]-:12_p pno(A—B)

7. @)

From (48), we get

'+ p)(1— Bo) — plylo(A — By] (LWt 000l )"y
[(G+p)( ) = plnlo( )] o ;

il = pio(A—B)

[ +p)(A+[B]) = plnl(A = B)] (aa’lil+-a)lpl, ", .
: pln|(A—B) ( 7l ”) b jzp.peN). (49

KFQ) =07+ OZO‘, a][f € M, holds the condition (44), then (47) yields
j=1-p

D5 gen, 550 (50)
Let o
Q) =7"P+ Y. ;i € Ny(F) (51)
j=1-p
we have
®(7) — F(Q)] - ‘
[®(2) g_(g)] 1/’(5)‘: Y (dj—a))y 0t
j=1-p
N —plyla-B)] (@l + A=)l \"
< £ ()12 gl B>]( bl ) bld; - a 52)

<6 (e 6>0).

We have (47), and hence also (46) for any ¢, which implies that ® € MZ:Z(q, A, B). This
evidently proves the assertion (45) of Theorem 4. [

Theorem 5. Let F € M, defined by (1) and —1 < B < 0, the partial sums Sy () and Sy ()
are given by

m—1 .
S1Q)=¢7F and Sw(Q) ="+ Y, af (meN\{1}). (53)
j=1-p
Also, suppose that
i i+ p)(1+[B|) — A —B)] ((aq?lil,+(0-a)[p], \"
Z yj+p’”j‘ <1 (yHP: G+ PN P|’7||(|121 _lg;ﬂ( )]( ! J[rp]q - ) bj)f (54)

j=1=-p
then

(i) F({) € Mp2(n, A, B)
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(z'i)Re{ F() } >1—l (e meN)

Sm () Yq
(55)
and
Sm(Q) Yq
(111)Re{ 70 }> T+ 7, (e meN).
(56)

The estimates in (55) and (56) are sharp.

—p _
Proof. Since % =(Fe MM(U, B), |e|] < 1, then by Theorem 4, we have
Ns(F) C MZ:Z(U, A,B), p € N. N;({?) denoting the 1-neighbourhood). Now since
Y yilal <1, (57)
j=1=-p

then 7 € Ny({7P) and F € M,4 (17, A, B). Since {y;} is an increasing sequence, we get

m—p—1

Z 0+ 3 o] < ¥ vipla <1, (58)

J=1-p j=m—p j=1-p

we have used the hypothesis (54). Putting

Ym |“]|§]+p
_ F(g) 1 } j=m—p
1(2) = ym —1-—)l=1
o y{‘s’”@ ") +1+m_2p_1!a~\§f+p
j
j=1-p

and applying (58), we find that

v X aj)
! 2-2 Y |aj|—ym ¥ |a
j=1-p j=m=p

which readily yields the assertion (55) of Theorem 5. If we take

m
F@Q)=gr—-=2, (60)
Ym
then b
]:(g):l—g %1fi, as¢ — 17,
Su(2) Ym Ym
which shows that the bound in (55) is the best possible for each m € N.
If we put

Utym) L |offgi®r
a— NG
1+ ¥ ’ﬂj}€j+p
j=1-p
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and make use of (58), we can deduce that

14+ ym E j
CIIELT Atwm), Ll

ha () +1

<
m—p—1 _1

< ; —
2-2 % o] —(—ym) L g
j=1-p J=m=p

7

leads us to the assertion (56) of Theorem 5. The bound in (56) is sharp. The proof of
Theorem 5 is completed. [

4. Concluding Remarks and Observations

In our present investigation, we have introduced and studied the properties of some
new subclasses of the class of meromorphic p-valent functions in the open unit disk A* by
using the combination of g-derivative and convolution and obtain the new operator DZ:ng‘
Among other properties and results such as coefficients estimate, distortion bounds and
convex family. Also the concept of § neighborhoods and partial sums of analytic functions
to the class M;:Z(ﬂ, A, B).

Interesting results about meromorphic functions can be found in the works [25-31].
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1. Introduction

We consider a nonlinear system of (k, i)-Hilfer fractional differential equations:

KHDLBK(s) = L(s, k(s),1(s)), s € [l1, 1],
k'HDﬁ'q?wf(s) = L(s,k(s),1(s)), s€[h,L]

—~

)

supplemented with coupled mixed boundary conditions containing (k, 1)-derivative and
integral operators

k(h) =0, k(o) = AMHD0I(E) + @
=0, 0

9

eR,
[ (l 1 ) eR,
where KHDo@§ represents the (k, 1)-Hilfer fractional derivative operator of order ¢ and pa-
rameter @ with ¢ = {&,p,7,2} and @ = {B,q,ST,ZTJ}, suchthatl < &, <2,0<7Z <1,
0<@<1,0<h <l <o, LLecC(hh xRxR,R),and KZ0¥, k0¥ are (k,)-
Riemann-Liouville fractional integrals of order o > 0,1 > 0, respectively, and [; < (f, 7,7,
T <l
The objective of the present work is to develop the existence theory for the Problem (1)
and (2) via the tools of the fixed point theory. A uniqueness result for the Problem (1) and (2)
is proved by means of a fixed point theorem due to Banach, while the Leray-Schauder
alternative and Krasnosel’skii’s fixed-point theorem are applied to derive the two existence
results for the problem at hand. The results established in this paper will contribute
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significantly to the literature on coupled (k, ¢)-Hilfer fractional differential systems, which
is indeed scarce and needs to be enriched and extended further in several directions.

Boundary value problems involving different kinds of fractional derivative opera-
tors such as Caputo-Liouville, Riemann-Liouville, -Riemann-Liouville [1], Hilfer [2],
k-Riemann-Liouville, (k, {)-Riemann-Liouville [3], -Hilfer [4], etc., have been addressed
by several authors. Some recent results on nonlocal multipoint single-valued and multi-
valued boundary value problems containing Hilfer and Caputo-Hadamard type fractional
derivative operators can be found in the papers [5-7]. For preliminary concepts of fractional
calculus, for example, see the books [1,8]. Here we mention that the Hilfer fractional deriva-
tive unifies the definitions of both Riemann-Liouville and Caputo fractional derivatives.
For some applications of Hilfer fractional derivative operator, see [2,9-11].

Let us now review some recent works on fractional differential equations and systems
equipped with different boundary conditions. In [12], the authors proved the existence
and uniqueness of solutions for a boundary value problem involving (k, {)-Hilfer type
fractional derivative and integral operators of the form:

KHDWBPE(s) = L(s, k(s)), s € [l1, 1],
k() =0, k() = AMDPoPE(77) + i K329k (5),

where KHD*F¥ and kHpray represent the (k, {)-Hilfer type fractional derivative op-
erators of orders « € (1,2), and p € (0,1) with parameters 8,4 € [0,1], respectively,
L € C([h, 1] x R,R), k¥39¥ is the (k, {))-Riemann-Liouville fractional integral of order v >
0,A,fi € R,and I} < &, & < I,. For some recent results on (k, §)-Hilfer fractional differential
equations, see [13].

In [14], the authors applied the standard tools of the fixed point theory to establish the
existence and uniqueness results for the coupled (k, ¢)-Hilfer type fractional differential
system (1) equipped with nonlocal multipoint boundary conditions:

m

k
k(h) =0, I(h) =0, ’2(12)22;\ &), (L) Zgﬁ k(i

where ;\i,ﬁj eR,and [} < &,ﬁj <h,i=12,...,mj=12,...,k

As far as the authors know, the paper [14] is the only work in the literature dealing with
coupled systems of (k, )-Hilfer fractional derivative operator of the order in (1, 2]. Our goal
in the present paper is to enrich this new research area on coupled (k, )-Hilfer fractional
systems by introducing and investigating the new boundary value Problem (1) and (2).

Concerning the importance of coupled fractional differential systems, it is well-known
that such systems appear in the mathematical models of many physical phenomena related
to bio-engineering [15], fractional dynamics [16], financial economics [17], etc. In [18,19],
some interesting results for {-Hilfer fractional differential coupled systems were obtained.

The structure of the remaining paper is designed as follows. Section 2 contains basic
definitions and an auxiliary lemma. Existence and uniqueness results for the given problem
are presented in Section 3, while illustrative examples for these results are discussed in
Section 4. In the last section, we indicate some new results arising as special cases of the
present work.

2. A Preliminary Result
Let us begin this section with the definitions involved in the Problem (1) and (2).

Definition 1 ([3]). The fractional integral of (k, )-Riemann—Liouville type of order & > 0 (x € R)
of a function L € L'([l1, 5], R) is defined by

L = g V@06 - ) Lo, k>0 ®
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where P : [I1, 1] — R is an increasing function with ' (s) # 0 for all s € [I1, 1.

Definition 2 ([13]). For &, k € RT = (0,+o0), B € [0,1], ¢ € C*([h, L, R), §'(s) # 0,5 €
(11, 1o, the fractional derivative of (k, )-Hilfer type for the function L € C"([l1,15],R) of order &
and type B is given by

& B kapluk—a)p (K A\ (1-p)(nk-2):p 7 _ [
DML (s) = kot (1’5,(5)%) k3 PTIVEGs), n_[f]. @)

We solve the linear variant of the nonlinear Problem (1) and (2) in the following lemma.

Lemma 1. Let & = & + B(2k — &), iy = p+ §(2k — p), B # 0,and L, L € C([I}, 1], R). Then
the pair (k,I) is a solution of the linear version of the Problem (1) and (2) given by

KHDUEIk(s) = L(s), s € (I, 1]
KHDPG](s) = L(s), s e (I, ], )
k(h) =0, k(i) = AMHDAIE) + g *T0](5),
(1) =0, () =o*HD¥@Pk(77) + 6 *T"9k(%),
if and only if
k(s) = *T%¥L(s)
PRI )
L) —pl))? [64(ﬁkzﬁ+ﬁwi(a)+Z\k1ﬁ—7¢i(5) kTL(1 )) ©)
By (%)
+B, (é KRHIDY (7) 4 g kTEZOL () — kzm(zz))],
and
I(s) = *zPPL(s)
() = B [ (Ghgarady oy o o kgiozd] oy
+ B () By (9 THHIRL(7) + 0 "I 2V L(7) IP‘/’L(ZZ)) )
+Bs (y KIPORL (5) 4+ A TP—TAL(E) — FTOL (] >)}
where
B = BBy — ByBs £ 0, ®)
g~ (i) =90t
I N ly o
g, AWB@ )T A E) )
T (7x —T’)~ Fk(ﬁk+z7?
@M - b)) @ )
By = T8 —2) * T (B + ) ' ©)
g — (B —d)F
Ty (77x)
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kTR9L (1)

Proof. Assume that the pair (k,[) is the solution of the System (5). As argued in [12],
operating fractional integrals ¥Z%¥ and *Z?¥ on the first and second (k, )-Hilfer fractional
differential equations in system (5), respectively, we obtain

o) = 2oL 4o IR T,
A BeY — (1)) k-1 SeY — (1)) K2
l) = 2phLs) 4 ap PN OO 80— )

where cy, c1,dp and d; are constants. Making use of the boundary conditions luc(ll) = 0and
I(I) = 0 in Equations (10), we find that c; = 0 and d; = 0 since % —2<0, % —-2<0.

On the other hand, due to the conditions k(l,) = A *HD"3¥(&) + i k7091 (#) and
[(Ly) = v K*ADEOPE(77) 4 6 *TPk(T), we obtain from Equations (10) after inserting c¢; = 0
and d; = 0 that

~ ~ 5k ~ ~ N ﬁk—r
(P(l) =B * " s krprgr o 5 o (BE) —P(l)) F !
+ c _ =ARIPTYL(EY+ A d LANE Y
0 Fk(ﬂk) (g) Iﬂk(rlk - 7’)
($(@) = (1)) "5 !
i kTP () i d AN 11
Z (@) + 7 T (7 + 9) (11)
and
(§(12) — p(1) ¥ ; ) — p(h) T
+ d 2 ~1 ﬁkIa Z’I/’i +ic —~ 1
R A M+7 o™ 5,2
(D) — ()" -
grTAaPF (%) + 8 Ay . 12
+ (t)+0co TG+ ) (12)
In view of the Notation (9), we can rewrite Equations (11) and (12) as
Bico — Bady = i kIﬁJrﬁ’lf)i((T) +A kIﬁ7?’¢i(§) - kI&’tiji(lz),
—Baco+ Bydy = OFTHEVL(7) + v kT2VL(5) — KTPYL(L,). (13)

o = glB (T T L )
15, (0 kgL (2) + o L) - "I"”(ZZ)H
dy = llg61(9’7“17'4312(%)+ﬁkI‘5“Z"’3i(ﬁ>kIﬁ'¢i(ZZ))

+B; (y KTPHOPR(5) + A RTPTAL(E) — kz&/‘f'i(zz))] .

Replacing cg and dy in Equation (10) by the above values, we obtain Equations (6) and
(7). The converse is obtained by direct calculation. This ends the proof. [

3. Existence and Uniqueness Results

Suppose that X = C ( [11, lz], R) is the Banach space consisting of all continuous real-
valued functions on [I1, 5] to R, equipped with the norm ||k|| = max{|k(s)|;s € [I, 2]}
Then (X x X, || (k,I)||) is also a Banach space endowed with the norm || (k,I)|| = ||k|| + ||I||.
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Using Lemma 1, an operator F : X x X — X x X can be defined as

FED(s) = ( Fi(kD(s) ) (14)

where

92

Fi(k,T)(s)

v

[64 (u KZPOA L (0, k), 1(0) + A TP RLE (), 1E)) — kz@'ﬁ(zz,i%(zz),i(zz)))

+Bz< kpErnd L (2 k(e >,z“<f>>+vsz“f*ffiw,f(ﬁ),f(ﬁ))—kzﬁ'¢i<zz,%<zz>,f<zz>)],

and
Fa(k,T)(s)
) b(s) — ¢ -1
= kIﬁ’wikj(s)—l— (%( )BFZJ((,%))) %

<

[B (9 kT L (2, k(2), [(7)) + 7 KT E ,fc(ﬁ),i(ﬁ))—kzﬁﬂﬁi(zz,k(zz),i(zz)))

B, (u KZPOAL (0, K@), 1(0) + A TP ALE (), 1)) —"Iﬁ'@i(zz,k(zz),i(zz)))].

Here one can notice that the fixed point problem F(k,I) = (k,[) is equivalent to the
nonlinear Problem (1) and (2).

For the sake of computational convenience, we introduce the notation:

M= (‘ﬁ(?ﬁéf%)ﬁ i ("G(szs}fﬁgﬁf’“ [84 (‘ﬁ(lrzk) (;If(kl;)ﬁ
o (o R
o = B o A S
e (w(llec)(;f%))q (15)
= SO o SRR - SR
4B (‘P(Z;:(&f(kl)l))q,
- S S
o T )

33



Axioms 2023, 12, 229

and
% = % - <‘P<lr2k>(a o ;))k, 5 = 9%, (%l’(lrzk)(; f%»y »

3.1. Existence of a Unique Solution

In the following result, the Banach’s fixed point theorem is applied to establish the
uniqueness of solutions for the System (1) and (2).

Theorem 1. Let [, L : [I;,15] x R x R — R satisfy the Lipschitz condition, that is, for all
s € [11,12] and iéirii eR,i=1,2,

|L(s, k1, ka) — L(s, 11, 1) | < 1in 1| — 0| +1ialky — I,
<

Il
|f(s, 121,122) — f(S, Tl/ lvz)‘ | l1| + lekz — 12|, (17)

where 1, fi;,i = 1,2 are real constants. Moreover, we suppose that
(%1 + 9{3)(7’?!1 + le) + (9{2 + 9{4)(1711 + ﬁz) <1, (18)

where R, i = 1,2,3,4, are defined in Equation (15). Then, the System (1) and (2) has a unique
solution on [, ).

Proof. Let us consider a closed ball B, = {(k,I) € X x X : ||(k,])|| < r}, where

(M1 + NR3)D + (R +NRy) Dy
1 — (%1 + R3) (ri1g + 1i12) + (R + Rye) (21 + 712)]

7

r>

SUPy, 1] |L(s,0,0)| = ® < o0 and SUPsc1, 1] |L(s,0,0)| = ®; < co. Then we show that
FB, C B,. For (k,I) € B,, we obtain

Ak D)
< FTV[L(s, k(s), 1(5)) — L(s,0,0) + |L(5,0,0)]

($(s) — ()
|B|Tk () B4<|
IR TP RILE RE), 1) — L(E0,0)] + [L(E0,0)]
o)1

TR (1, k(1) (1)) — i<zz,oo>|+L<zz,oo>u)

+ | K270 L (e, k@), [(9)) — L(7,0,0)| + |L(7,0,0)]

=

+Bz<|é| ’fz“ﬁf%f'[m(f,fc(f),i(f) —L(%,0,0)| +|L(%,0,0)[]
ol ST LG, K@), L)) — L(7,0,0)] + |L(7,0,0)]
RTPR(L (1, k1), T(12)) — L(12,0,0)] + L (12,0, o>|1)]

($(l2 )(w jf(kl)l))k[ LIK[| + ol )] + D]

IN

[ K[| + 2 |[T]] + D1]

[A1| [k + 2|1 + D]

7
3 . .
) [m1||k|+mz||z||+®])
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}[ﬁluﬂ T agll] + 4]

R [ ||k + 2 |[T]] + D] + Ro [ [k + Az T[] + 1]
(D‘ilml + %2ﬁ1)||k|| + (9%11?12 + mzﬁz)HlH + R0 + RD;
Ry + Roftp + Ry + mzﬁz)r + R1D + R4

IA I

Analogously, we have

7(ED) oo - -
{0 ST )

+5 <¢<’;£(&f§f;”%]}[m1||k|+mz||zn+ |

+{(lp(lr2£<;f(;f§))i+(¢(lz|)3_|rlfgf$k)>)gkk [, 00—t

e SO 13y GOV o 1 )+

(Rt + Rafin)[[k]| + (Rarity + Ratg) 1] + RsD + Ry Dy
Ratity + Rafty + Rarfiy + Ryfn)r + R3D + Ry Dy

IA

Accordingly, we obtain

IF& DI = | FE)I+ I1FED]
< (R +R3)) (g + 1) + (R + Ry) (A + 2)]r

+(R1 +9R3))D + (R +R4e))D1 <7,

which implies that 7 (B,) C B, since (lvc, [ ) € B, is an arbitrary element. On the other hand,
for (7{2, 72), (lucl,lvl) € X x Xand s € [I1, 1], we obtain

| Fi(ka, ) (s) — Fu(ky, Ih) (s )|
< KTR|L(s, ka(s), Ba(s) — L(s, k1 (s), 1 (5))]
(P(s) (11 7k ! y

+

%1

BITL(3, {340 | KZP+ L (7, ko (0), 1(9)) - L(0, K (0), 1 (@)

+HAI K2 L ( k2(8),12(¢)) = L(E,k1(2), 1 (€))]
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IN

TP L1y, Ko (1), B (1)) — L(l, Ky (1), Zl(lzm)

+B; (é| KTEEP\L (%, ko (7), () — L(7, K1 (2), [ (7))

v 9 v

o KT 2L (7, ko (7), (7)) — L(7, ki (7), L (7)) |

KT iy || Ky — Ky || + rina|| o — 1]

b(L) — (1)) E 1 M T '
+H 2|)zs rié@lk))) : [54 (Iﬁl TPV [y ||y — | + Aol — ]
|

FAFZP 0y [y — Ky || + nal| 2 = ]
+RTE (1711 || Ry — Kq || + 11 || Tn — i1||]>

+Bz(9l KTEHP 1y || Ky — Ko | + i1 | T — T ]
+|7 kI&ff’lﬁ[mlH’}z —kq|| +rip|| 2 = 1]

T+ ol )]

{(95(12) —p)E | () — () F ! [34@(12 — ()t

Ti(@ + k) |BIT((3) T(@ + k)

o B =) @) — P) T

w8 (0 e e )
><[7711||k2—f<1||er_z”lvz—lvl”]

(1) = f(h) ! ($(2) — )T < (B - ph) T
“ BITk(3,) B e )
+B (lp(?k)(ﬁf(kl;))k }[ﬁ1||7<2—7<1| +fip||l =[]

(Rriy + Roty ) ([[k2 — Ky ||) + (Rariz + Rofin) (| 2 — L ]).-

Thus, we obtain

| F1(ko, o) — Fi(ke, 1) |
< (Rariny + Rofty + Ry + Rofty)[|[k — ke || + ||l — L[] (19)

Similarly, one can find that

| Fa(ka, o) — Fo(ke, 1)
< (MRarfy + Ryfy + Rariy + Ruftp) [||ko — ke || + || — L ]]]- (20)

Then, it follows from from Equations (19) and (20) that

| F (Ko, Ip) — F(ky, Kr) |
< (R + R3) (g +-1i12) + (Ro + Ry) (1 + n2)]([k2 — ke || + |2 = L)),

which, in view of the Condition (18), verifies that the operator F is a contraction. Hence,
by Banach’s contraction mapping principle, the operator F has a unique fixed point.
Therefore, the System (1) and (2) has a unique solution on [/, l;]. O
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3.2. Existence Results

We rely on the Leray—Schauder alternative [20] to establish our first existence result.

Theorem 2. Let L, L : [I1,lo] x R — R be two continuous functions such that, for all s € [Iy, 1]
and k;,[; e R,i=1,2,

<o+ Lk |+ |4,

< o+ d1lka| + 42|2],

where fi, 4i,i =0,1,2, are real constants with le, do > 0. Then, the System (1) and (2) has at least
one solution on [y, 1] provided that

(R +9R3) + (R +Re)gy <1 and (R +Ra) + (R +Ry)dp < 1, (21)
where R;,1 = 1,2,3,4, are defined in Equations (15).

Proof. Notice that continuity of the functions I and L implies that of the operator F. Next,
it will be shown that the operator F is completely continuous. Consider a bounded set
S of X x X. Then, there exist positive constants £; and £, such that |L(s,k(s),I(s)| <
L1,|L(s,k(s),[(s)] < L2, V(k,I) € S.In consequence, for all (k,I) € S, we obtain

‘1 (Bl) = B())E | () = h())* ' [ o (B(l2) — (k)
FikhE) < (I G, DI
g B =) F (B0 — ()T
+52(10 Fk(ﬁc—i-ﬁ—li-k) 7l rk(a—zik) )]}El
(Bl12) = BT [ (1 (B(E) = b)) 'F
“ BITL(3) (i
(@) — )" (1) — ()¢
+HA B )}Haz o }52

<Rl + Rk,
which yields
[F1(k D) < RiLy + R L.
Analogously, one can obtain
[ Fa(k, D) || < R3Ly + RyLn.
Hence, we have
[ F (DI = [IFLk DI+ [|F2 (6 11 < (9 + Rs) L1+ (Ro + Re) Lo

Consequently, the operator F is uniformly bounded. To establish equicontinuity
property of the operator F, let s1,s, € [I1, 2] with s; < sp. Then, we have

v

| F1(K(s2),I(s2)) — Fr(k(s1),1(s1))
1

Iy (a)
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((s2) = B F = Bls0) = BN (1 krpeadty ot 1o
+ B 8418142729 L0 K@), 1)
AT L0 K@), 1))+ 2L ), T) )

+ a8 ST L, k), 1) + 1ol TS, K, 1)

HRTP L (1, k(1), T(1))]

>
\/
[E—'

g

< g ) — ) + 1) = b)) = (Blen) — G
() - tﬁ(ll))kk';r;(gtgsl) ) ! 5.1 (lﬁ(f?ﬁ_féli)i:k ‘s
e
v SO I
UL (L) Y P

independently of (k,I) € S. Hence, F(k,[) is equicontinuous. Similarly, it can be shown
that F(k,[) is equicontinuous. Thus, it follows by the foregoing arguments that the
operator F (k,I) is completely continuous.

Lastly, it will be shown that the set D = {(k,]) € X x X : (k,]) = wF(k,1),0 < w <1}
is bounded. Let (k,I) € D, then (k,[) = wF(k,I) for all s € [I;,1,] and that

k(s) = wFi(kD)(s), I(s) =wF(kI)(s).

Thus, we have

i 8,

. ($ll) = p)F | Pll) = p)F [, (Bl) — )k
kol < (MRt BT s LG +H)
sty (0 =IO gy WD =P [y -+ )
$) — PN E L o (@) — )
+{ [BITk(8) __{B“‘(”' Te(p+0+K)
) (B INE N |y 5, WD IO g 41+ ol
. ((l) — L) E T o () — ()T
L e il A Gl e s
o D VLE g, G PO P 4+
) { (B02) = p)F | (@) = i) * ! [ ($() — d(h))F
T (p+k) |B|Tk () T (p+k)
(@) —p(n)
(1 S a1
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+1) PR g+ g0k + o

Consequently, we obtain

1K+ 11 < (9% + %) o + (9% + Ra)do + (9% + Rs) i + (R + Ra) ]| K|
+[((R1 + R3) 2 + (R + Ra) 2] |11,

which can be expressed as

H(’E/Z)H < (9%1 +m3)10/\_;0(m2 +9%4)170,

where
Mo = min{1 — [(R1 + R3)[1 + (2 +Ra)G1], 1 — [(R1 + Rs)lr + (R 4+ Ra)da] )

Thus, the Leray-Schauder alternative applies and hence its conclusion implies that
the operator F has at least one fixed point. Hence the System (1) and (2) has at least one
solutionon [I1,l;]. O

The proof of the next existence result relies on Krasnosel’skii’s fixed point theorem [21].

Theorem 3. Assume that L, L : [I,1o] x R x R — R are two continuous functions which satisfy
Condition (17) of Theorem 1. Moreover, it is assumed that

(H) There exist P and Q € C([l1, 1], Ry ) such that
|L(s,k,I)| < P(s), |L(s,k,I)| < Q(s), for each (s,k,I) € [I,Io] x R x R.
Then, the Problem (1) and (2) has at least one solution on [I1,ly], provided that
(R} + 9] (1 + 1itz) + [Ra + R (g + ) < 1. (22)
Proof. Let us first decompose the operator F into four operators Fi 1, 12, F2,1 and F, 5 as

FiakD)(s) = KTL(s,k(s),1(s)), s € [hb,

Fip(kD)(s) = (pls) IIJ({1 A {84 (ﬂ KZPOSL (5, k(5), 1(5))

~~~~~~

For(bD)(s) = *zPPL(s,K(s),1(s)), s€ [l L,
1

Far(k,D)(s) =

~~~~~~
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—kﬂ’lﬁi(lzf%(lz)/7(12))>]r s € [ 1]

Observe that F; = F11 + F12 and Fp = Fp1 + Fo0. Consider a closed ball B; =
{(k,) e XxX:||(kD]| < P} with p > (R + 9R3)||P|| + (R2 + NR4)||Q||. As in the proof
of Theorem 2, one can obtain

| Fra(k1, k2)(s) + Fro(h, L) (s)] < %Pl + R Qll,
and
| Fia(ky, k) () + Foa(ke, ka) (£)] < R Pl + Ral| Q-
Therefore, we obtain
[ F1(ky, ko) + Fo(l1, )| < (R1 + Rs) [P 4 (Rz + Ra) |Q] < .

Consequently, F; (7(1’]22) + ]—"2(71, l}) € Bs. Next, it will be accomplished that the
(F1 2, F2p) is a contraction. As argued in proving Theorem 1, for (l?fl, fl), (122, 72) € B, one
can find that

() — B())* ' [0 (B(l2) — (h))* (H(7) — p(h)) T
= { |B|T¢ () [B‘* Te(@+k) +B (|9| T (& + i + k)
@) = PO TN o b T (e
+17| T(@—Z1K) )}}["ﬁ”kl11||+m2||k212||]
() = BT T o H@) = d0)T s B — )T
ey 0 s N e ) )
+B> (w(?:(;f(]j)l))k }[ﬁ1||7<1 — L[| + iz |lka — I ]
= Ri(in |k — ||+ dallk — L)
+9R (i ||ky — L[| + Az||kz — Do)
= [Rimn + Rom |l — [ || + [Riri + Rafia] |[Kz — I,
and
| Fon(kn, k2)(s) = Fop(lh, 1) (s)]
< [Rarin + R4 [k — Ll + [Rarity + Rifo] [[ka — L. (24)

From Equations (23) and (24), we obtain

[(Fro, Fap) ki, ko) — (Fro, Fao) (I, h)|

< {985 0] -+ )+ [+ 98301+ ) b1 |+ e — ),

which, owing to the Condition (22), shows that the operator (Fi,, F21) is a contraction.
In view of the continuity property of L and L, the operator (F; 1, F>,1) is continuous. Moreover,

1P, Fan) D) < LR PO gy WO VCUIT
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(lz) P(h))* c i < PU ) P(i))F
as || Fi1(k D < Pl and || F51(k, 1)|| <
[ FL (kD Y [|P[| and [| 2,1 (k, D) < AR 1Qll-
Thus, (F1,1, F2,1)Bp is uniformly bounded.

In the next step, we establish that the set (F7 1, ]-'2,1)8‘0 is equicontinuous. For s1,sp €
[I1,12], 51 < sp and for all (7(’ 7) € B, we have

| F1,1(k, D) (52) — Fra(k 1) (s1)

< /”43()[(43() PENT = (§(s1) — () T L5 K(3),I(5) ds
+ / ) = B)F F s K(s), 1(5))ds
[

o 200 — )+ 1) — ) — (en) — 9

— 0 as s1 — s,
independently of (k,[) € B;. Analogously, one can obtain that
|(.F2/1(i€, i)(52) — ./_“2,1(]}, i) (Sl)| — 0as s; — sp.

Thus, | (.7'—],1, ]:2,1)(]2', T) (52) — (.7:1,1, fZ,l) (i&, i) (Sl) | — 0 as S1 — Sp. SO, (.7:1,1, .7:2,])
is equicontinuous. Hence, we deduce by the Arzeld—Ascoli theorem that the operator
(F1,1, F2,1) is compact on By. Thus, the hypotheses of Krasnosel’skii fixed point theorem is
verified. Therefore, the System (1) and (2) has at least one solution on [ly,l;]. O

4. Examples

Consider the following boundary value problem after fixing the parameters in the
System (1) and (2):

SHH 2P (s) = L (s, K(s),I(s)), % <s g
FHDY 551 (s) = L(s, k(s),1(s)), % gl
(25)
AN A8\ 1 e 632,454 3@1 17(7
(5) =0 5) =@ mti(s) <52 ()
2\ (8 _ 4ep512qy(3 16 3.2.47(6
()0 ()=o) ()
Here, k = 6/7,& = 9/7,§ = 11/7,7 = 6/7,2 = 5/7, p = 4/5,§ = 2/5,5 = 3/5,
W=1/50=1/4,d=3/4,9()=s>+1,A=1/y7, ji =2/59, 1/—4/79 0=1/\e
andl; =2/5,1 =8/5, =4/5,6 = 7/5,1j = 3/5, T = 6/5. Using the given values, we

find that & = fix = 57/35, Fk(@‘ ) = Tk(7x) =~ 0.8371768940, Fk(@k + i) =~ 1.248828596,
Fk(z?k — Z) ~ 0.9557910248, T (7jx + 7) ~ 0.9127761461, T'x(7j, — 7) ~ 1.085229307, T (& +
k) ~ 1.054911472, T (P + k) =~ 1.299979244, T\ (& + i + k) ~ 2.012923279, T (& —Z + k) ~
2.968888877, I'r(p + 0+ k) ~ 1.622489113, I'y(p — 7 + k) ~ 6.329317026, By ~ 2.626472658,
By =~ 0.6342926434, B3 =~ 0.8003297566, B, =~ 2.626472658, B ~ 6.390715346 (B;,i =
1,2,3,4, and B are, respectively, given in Equations (9) and (8)), i1 ~ 7.483199257, R, ~
1.254247333, Rz ~ 1.797703986, Ry ~ 8.040757033 (R;,i = 1,2,3,4, are defined in (15)),
R ~ 3.958672213, R; ~ 4.211473493 (R} and R; are defined in (16)).
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Example 1. Let L, L:[(2/5),(8/5)] x R x R — R be the nonlinear Lipschitzian unbounded
functions given by

_— (5s-2) K| 2 7ts (2 4 2]1)) 1
e COS”~ 7Ts
Ls,k1) = _ +35HL @6
(kD= Gossa) <1+|k| 255+ 42+ 6)(1+ 1) (26)
N 2 BT —1(7
Lis kD) = sin” 7tt (k= + 2|k|) n tan~1(]) 154_2 27)

2(5s +4)2(1+ |k|)  2(35t+ 5)

which satisfy the Lipschitz condition:

v .y 1 .. v 1. .
< ks — il
|L(s, k1, 11) — L(s, k2, I2)| < 37|k1 ka| + 9 |l — o
VIV 1 1
\L(s, k1, I1) = L(s, ko, )| < 36|71 — Pl + *|21 2|,

with Lipschitz constants 1y = 1/37, iy = 1/39, iy = 1/36 and i, = 1/38. Furthermore,
(R1 + R3) (1M1y + 1) + (Ra + Ry) (A7 + A1p) ~ 0.9916070446 < 1. Thus, the hypotheses of
Theorem 1 are satisfied and hence its conclusion implies that the Problem (25) with functions
L and L given by Equations (26) and (27), respectively, has a unique solution on the interval

[(2/5),(8/5)].

Example 2. Consider the functions L, L : [(2/5),(8/5)] x R x R — Ras

Lokl = Lrcos'GR) e WIK® - sinl (28)
T 27t 20(1+k32) ' (55 +19)’
_— 1+sin?(skl) k(1 + cos*) ¢ IskI 38
L — S 2
(s, k1) s T @1 NI (29)

Clearly |f(s,k,I)| < (5/2m) + (1/20)|k| + (1/21)|I| and |L(s,k,1)| < (5/47) + (1/19)|k| +
(1/22)|I|, with Iy = 5/2m, I} = 1/20, I, = 1/21, 4o = 5/4m, §; = 1/19, G2 = 1/22. More-
over, (9%1 + %3)?1 + (mz + 9%4)(?1 ~ 0.9532559183 < 1 and (%1 + 9%3)f2 + (9%2 + 9%4)172 ~
0.8644479720 < 1. Therefore, by the conclusion of Theorem 2, the Problem (25) with functions L,
L given by Equations (28) and (29), respectively, has at least one solution on [(2/5), (8/5)].

Example 3. Let the nonlinear Lipschitzian functions L, L : [(2/5),(8/5)] x R x R — R be
defined by

S 1 . k| 1 (s 1y

L(s,k, ) = —sin* — B 4 (55 D gan ]

(s, k1) oy sin® 7rs + 2401+ 7] + 226 an” " [, (30)
4 sink 2]

(31)

U 1
Ls kD = — .
(/1) 17 < T 05 119) T 108s(1 4+ 1)

Then, we have
|L(s Ivclv)|<ism s+ —e (5 )—i-i
27 44 24’
1 2

1
Lis, kD) < — costrts + ——— 4 =
IL(s, kDI = o cos™ 75 + 155 + 1056

and

VI NIV 1 1 v
|L(s, k1,I1) — L(s, ko, 1) | < 24| — ko + | — I,
o .y o .y 1 M . .
|L(s,k1,11) — L(s, ko, Io)| < g|k1 —ko| + ﬁ'll —Db.
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References

Setting 1y = 1/24, iy = 1/22, iy = 1/23, fi; = 1/21, we find that R + R3] (1 + 11p) +
[Ro + R;] (1 + M2) =~ 0.9994149281 < 1. Therefore, by Theorem 3, the Problem (25) with the
functions L, L given by Equations (30) and (31), respectively, has at least one solution.

It is interesting to note that the functions given in Equations (30) and (31) satisfy the Lipschitz
condition. However, the uniqueness of the solution to the problem at hand does not follow since
(R + R3) (1l1g + 1i1p) + (R + Ra) (71 + 1) ~ 1.655313420 > 1.

5. Conclusions

In this work, we have established the existence and uniqueness results for a nonlin-
ear nonlocal boundary value problem involving (k,4)-Hilfer fractional derivative and
(k, )-Riemann-Liouville fractional integral operators. In order to apply the fixed-point
technique to the given problem, we first transform it into a fixed-point problem, which
facilitates the application of the fixed point theorems chosen for the present analysis. Our
problem is novel in the given configuration and the results obtained for it are of more
general form. Some new results arising as special cases from our work are listed below.

1. By letting i = 0 = @ in the present results, we obtain the ones for coupled boundary
conditions involving only (k, )-Hilfer derivative operators:

k(h) =0, I(1) =0, k(lp) = ARHDHI(E), [(Lp) = 7 "HD>P0k(7).

2. For A =0 = 7, our results correspond to the (k, 1)-Riemann-Liouville fractional type
integral boundary conditions:

k() =0, I(I}) =0, k() = a*T%%[(5), I(I) = 6 *T"Vk(%).

3. Fixing fi = 0 and 7 = 0 in the present results, we obtain the ones for the mixed
boundary conditions of the form:

k() =0, I(I) =0, k() = AXHD381(¢), I(1) = 8 ¥ T"Vk(%).

4. Letting A = 0 and @ = 0 in the present results, we obtain the ones for the mixed
boundary condition:

k() =0, [(1) =0, k(l,) = g *1%%1(#), I(1,) = # *H D20k (7).
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Abstract: The goal of this dissertation is to explore a system of fractional evolution equations with
infinitesimal generator operators and an infinite time delay with non-local conditions. It turns out
that there are two ways to regulate the solution. To demonstrate the presence of the controllability
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make our results seem to be applicable, a numerical example is provided.
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1. Introduction

Fractional calculus is a branch of mathematics that studies derivatives and integrals of
arbitrary order, which are known as fractional derivatives and fractional integrals [1-3]. It
is a generalization of classical calculus, which studies derivatives and integrals of integer
order. Fractional calculus can be used to model various physical phenomena, such as
diffusion and wave propagation, and can also be used to solve certain types of differential
equations. It has applications in many fields, such as engineering, physics, chemistry,
economics, and finance. Fractional studies based on the economic and financial systems
have been investigated by [4,5].

Calculating the targets to which one can influence the state of a dynamical system
using a control parameter that appears in the equation is the mathematical problem of
controllability. It is the ability to control the evolution of a system by manipulating its
parameters. This concept is used in many areas, such as control theory, dynamic systems,
and engineering. Controllability is a key factor in the analysis and design of systems and
can help to ensure that the system behaves as desired. Understanding the controllability of
evolution equations can help us to better understand and control the behavior of complex
systems [6,7]. Controllability results for impulsive neutral differential evolution inclusions
with infinite delay have been discussed in [8].

Non-local conditions are also used to incorporate the effect of external influences, such
as boundary conditions, on the system. By combining fractional derivatives and non-local
conditions, we can gain a better understanding of the behavior of the system (see [9-13]).

Therefore, fractional evolution equations with infinite delay are a type of differential
equation that can be used to model a variety of physical phenomena. These equations
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involve a fractional derivative of a certain order, which is a generalization of the standard
derivative. The infinite delay term in the equation allows for the consideration of memory
effects, which can be important in many real-world systems. Solving these equations
can be challenging, but they can provide valuable insights into the behavior of complex
systems [14-17]. In more detail, the existence and uniqueness of mild solutions for impul-
sive fractional equations with non-local conditions and infinite delay have been concerned
in [14]. The existence of solutions for neutral fractional differential equations with indefinite
delay is examined using the Banach fixed point theorem and the nonlinear alternative of
the Leray-Schauder type [15]. In [16], Santra et al. have discovered a few necessary and
sufficient criteria for the oscillation of the solutions to a second-order neutral differential
equation. Local estimates, fixed point arguments, and a novel Halanay-type inequality
are used to address the dissipativity, stability, and weak stability of solutions for non-local
differential equations involving infinite delays [17].

In 2021, Bedi et al. [18] introduced a study about controllability and stability results for
fractional evolution equations involving generalized Hilfer fractional derivatives such as

{ Dy EU(t) = As(t) + EH (L U(t) + £(RV(L)), teI=[0,a],
@D

1870 (0) = g, $ly € D(&).

Such that ]D)(t)’f;p portray the Hilfer fractional derivative of order 0 < v < 1 and
type 0 < y < 1. The control function U(-) is defined in the Banach space of admissible
control functions L*°(J, U) and the state $((-) takes value in Banach space Q). Furthermore,
R:U) — D(&) is bounded linear operator and $: J x Q — D(&) C Q. Therefore,
(A, €) is closed linear operator generates an exponentially bounded propagation family
{T(t),t <0} from D(&) to Q. Iéift)(lf");ZC is the Riemann-Liouville fractional integral of
order (1 —1t)(1 — ).

In [19], the researchers examined the existence of solutions and the approximate
controllability of the Atangana-Baleanu fractional neutral stochastic inclusion with an
infinite delay of the form

ABEDE. [p(&) — N(& pr)] € A[p(&) — N(& pr)] + Bu ()
+F (& pe) + G(&, pg>¥ gej=10,
p(2) = 9(2) € L=(Q,F;U), g€ (00,0

As above, ABCD? is the ABC fractional derivative of order v € (0,1),2l: D(A) C H —
H is infinitesimal generator of an g-resolvent operator {S;(¢) }#>0, {Tp(&) }#>0 is a solution
on separable Hilbert space (H, || - ||).

We are inspired by these masterpieces and hope to establish controllability of mild
solution with infinite delay and non-local conditions of the evolution equation

DU (&) = A% (§) + 7 (&, % (§), %) +By(), ¢e]=][0,a],
U (E) = ¢(2), & e (—o0,0], )
%'(0)+n(%) = o, Fex

where ;D§ () is the Caputo fractional derivative of order 1 < v <2,.% : [0,a] X X X Py —
X is a continuous function, ¢(¢) € &,y (2, later judgment will be made over the phase
space that is acceptable), a is a finite positive number, the state % () takes values in a
Banach space X, the control function y(-) is given in a Banach space L?(],U) and 5(-) is a
continuous function on X. Furthermore, % represents the state function’s history up to the
present time ¢, i.e., %:(&) = % ({ + &) for all & € (—oo,0].

Let A be an infinitesimal generator of a strongly continuous cosine family {.#"(&) }#>0
of uniformly bounded linear operators defined on a Banach space X. The Banach space
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of continuous and bounded functions from (—co, 4] into X provided with the topology of
uniform convergence is denoted by C = C,((—oo, a], X) with the norm

|%llc = sup |%(3)]

(o]

and let (B(X), ||.||(5(x)) be the Banach space of all linear and bounded operators from X to
X. As { (&) } >0 is cosine family on X, then there exists 90t > 1 where

[ (&) <om. 6)

The fractional derivatives have many different types of definitions, among them
Riemann-Liouville, Caputo, Hadamard, Conformable, Katugampola, Hilfer, etc. Riemann—
Liouville and Caputo fractional derivatives are the most important ones in the applications
of fractional calculus. A close relationship exists between the Riemann-Liouville frac-
tional derivative and the Caputo fractional derivative. The Riemann-Liouville fractional
derivative can be converted to the Caputo fractional derivative under some regularity
assumptions of the function. However, the Caputo derivative is the most appropriate
fractional operator to be used in modeling real-world problems. The Caputo derivative is
of use in modeling phenomena that take account of interactions within the past and also
problems with non-local properties. Furthermore, the initial conditions take the same form
as that for integer-order differential equations, namely, the initial values of integer-order
derivatives of functions at starting point [20]. However, the Riemann-Liouville approach
needs initial conditions containing the limit values of the Riemann-Liouville fractional
derivative at the starting point, whose physical meanings are not very clear.

Partial differential equations with time ¢ as one of the independent variables, or non-
linear evolution equations, can be found in many areas of mathematics as well as in other
scientific disciplines including physics, mechanics, and material science. Nonlinear evolu-
tion equations include, among others, the Navier-Stokes and Euler equations from fluid
mechanics, the nonlinear reaction-diffusion equations from heat transfers and biological
sciences, the nonlinear Klein-Gordon equations and nonlinear Schrodinger equations from
quantum mechanics, and the Cahn-Hilliard equations from material science (see [21-23]
and references cited therein).

Functional evolution equations with infinite-time delay arise often in mathematical
modeling of a wide range of real-world issues, and as a result, research into these equations
has gotten a lot of interest in recent years (see [24-28]. The time delay in the robot teleop-
eration system occurs when the system operator and the remote robot are far apart [29].
Zhang et al. [30] used the principle of compressed mapping to discuss the existence and
uniqueness of the fractional diffusion equation with time delay. Anilkumar and Jose [31]
analyzed a discrete-time queueing inventory model with service time and back-order in
inventory. Some results of the existence and uniqueness of fixed points for a C-class of
mappings satisfying an inequality of rational type in b-metric spaces have been studied by
Asadi and Afsha [32].

The remainder of the text is organized as follows. We introduce some basic ideas
and lemmas in Section 2. In Section 3, we formulate the mild solution of (2) by assuming
that A is an infinitesimal generator of a strongly continuous cosine family {.#"() }¢>0. In
Section 4, we handle the infinite delay by phase space. Section 5 provides the results of
our analysis using two cases first in a compact case and second by the measure of the
non-compactness technique. Section 6 offers an example that can be used as an application.

2. Preliminaries

In this section, a few concepts and terms related to the components of the research
report are offered.

47



Axioms 2023, 12, 264

Definition 1 ([33]). The expression of the Caputo derivative of fractional order q for at least nth
continuously differentiable function g: [0,00) — R is

t
Dg(t) = il 1 /0 (t— s)”*qflg(”)(s)ds, n—1l<q<nn=I[q+1,

n—q)
where [q] denote the integer part of the real number q.

Definition 2 ([33]). Given below is the Laplace transform for the Caputo derivative of order
q€(1,2]

L{D}g(t)} =AIG(A) — AT71G(0) + A972G(0),
where G(A) = [;~ e Mg(t)dt.
Definition 3 ([33]). The left fractional integrals of the function f is

I3 f(t) = r(lq)/t(t‘O —sP) 7 f(s)ds, t>a, q> 0.

a

Lemma1l ([34]). Letn € N, n —1 < q < nand x(t) € C"[0,1]. Then,
39%(t) = x(t) +ag+art + - +a,_t" L.

Definition 4 ([35]). The Kuratowski measure of noncompactness y(-) is defined on bounded set S
of Banach space X as

m
u(S): —inf{5>0:SCUSi,Sicx,diam(Si)<5 for i—1,2,...,m;m€N}
i=1

where
diam(S;) = sup{||x1 — x2]| : x1, %2 € S;}.

The following properties of the Kuratowski measure of noncompactness are well-
known.

Lemma 2 ([35]). Let .7, % be bounded in Banach space X. The following properties are satisfied:

(@) u(7) =0, ifand only if 7 is compact, where 7 means the closure hull of 7;
(i) u(7) = u(7) = u(conv.7), where conv.7 means the convex hull of 7;

Gii) u(k7) = |k|u(7) forany k € R;

Gv) T C Z implies u(7) < u(%);

™ W T+Z) <u(T)+u(#), where 7 + % ={x|x=y+z,ye€ 7,z€ #%};
i) u(ZUZ) =max{uT, u#};

(vii) Ifthe map H : D(H) C X — Q) is Lipschitz continuous with constant c, then y(H(U)) <
cu(U) for any bounded subset U € D(H), where ) is another Banach space.

Lemma 3 (Sadovskii fixed point theorem [35]). Let ¥ be bounded closed and convex subset
in Banach space X. If the operator 2 : ¥ — Y is continuous p-condensing, which means that
w(2(Y)) < u(Y). Then, 2 has at least one fixed point in Y.

Definition 5 ([36]). Claim that the family of bounded linear operators {# (t) }cwr , , namely maps

the Banach space X — X, has just one parameter, is referred to as a strongly continuous cosine
family if and only if
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@ 20)=1I
() A (s+1t)+ A (s—t) =2L(s)H (t) forall s,t € Ry;

(iii) # (t)x is a continuous on Ry for any x € X.
The substantially continuous cosine family {2 (t)};cr . , which is connected to the sine family
{ZL(t) }1er,, is defined by
t
Z(Hx = / H (s)xds, x € X,t € Ry.
0

Lemma 4 ([36]). Unless A is an infinitesimal generator of a strongly continuous cosine family
{A# (t) }ier, on a Banach space X, then || (t)| gx) < Met,t € Ry will be obtained. Then,

given the value of A > ¢ and (&?,00) C o(A) (the resolvent set of the operator A), we obtain

)\R(/\Z;A)x:/ e M ()t R()\Z;A)x:/ e ML (txdt, xeX
0 0

where the operator R(A; A) = (Al — A) ™1 is the resolvent of the operator A and A € o(A).

The operator A is characterized by

42
Ax = ﬁ%(O)x, V x € D(A)
where D(A) = {x € X : # (t)x € C?>(R,X)}. Clearly, the infinitesimal generator A is a
densely defined operator in X and closed.

Definition 6. The Mainardi-Wright-type function when t > 0 is

S (="

Mo®) = L rT—p(n + 1))

, pe(0,1), teC

and achieves

r(1+¢)

s _ fite)
M,(t) >0, /O PM(0)d0 = i,

¢> -1

3. Setting of Mild Solution

We first illustrate the following lemma before giving a formulation of the moderate
solution of (2).

Lemma 5. Allow (2) to hold. Then, there is

A (€)p(0) + [£ (1) (&0 — (% ))dt+ [£(E — )T LL(E H).F ()t
+ [E@ - 1 g (@ HBy(hat, & c0,a),

& e (—o0,0],
where1/2 <g=1% <1,
H(8) = [ My(6).7 (270)de,

2y(&s)=q [ 0My(0)2(( —s)0)de,

and My is a probability density function defined by Definition 6.
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Proof. Presume that A > 0
U = [TeMw @ FO)+BY() = [ (@) + By(@)de.

Let A’ € o(A). Now, that (2) has been transformed using Laplace and Lemma 4,
we attain

U(A) = (A" = A) 7! [F(A) + BY(A) +A719(0) + A2(80 — (%))
_ el /0 " N5 i (5)p(0)dls + AT2 /0 T e N (1) (20 — (% ))ds

+ /Ooo e 2 ()[F(A) + BY(A)]ds.

Let6 € (0,00),9 € (3,1) and ¥,(0) = L7 M,(677). Then,

9q+1

© _ 1
/0 e MY, (0)d6 = e M for g€ (5,1).

If we take p — 0, we will still have the same answer for the first term in Lemma 5
in [37]. Afterward, we can write:

W [ g(0)ds = [ e (@190

In addition, since £[1](1) = A~!, we obtain
[eS) 9 oo ¢
Wit [T e s @ —naonds = [Te [T —neaarc

The last term, [;” e M5 2(s)[F(A) + BY(A)]ds, is identical to the final term in [37] if
we set p — 0 and set f(p) = F(A) + BY(A), we get

/Ooo e M5 2(s)[F(A) + BY(A)]ds = /Om eAé{/oé(g — )T L (8 ) [F (1) + %y(t)]dt}d@.
To sum up, we can obtain
[T [T o) + [ @)
+ [[e- 06010+ By(olan e

The intended outcome is attained by using the inverse Laplace transform. [J

Definition 7. A function % (¢) € (C(—o0,a|; X) is considered to be the mild solution of (2) if
it fulfills

Ha(@)p(0) + [ (8 (G0 — n(%))dt
2@ = @0 G ENF (U, W)+ By(D)dt,  E € [0,a],

¢(S), ¢ € (—o0,0].

Remark 1 ([37]). It is obvious to infer from the linearity of # (&) and £ () for any ¢ > O that
Hq(8) and £4(E, s) are also linear operators where 0 < s < ¢.

As a corollary, when p approaches 1, the proofs of all subsequent Lemmas are identical.
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Lemma 6 ([37]). The following estimates for ¢ () and £, (C, s) are verified for any fixed { > 0

and 0 <s < ¢
Ma

H@x| < x| and 2@ s)x] < gl

Lemma 7 ([37]). For any 0 < s < ¢ and { > 0, the operators (&) and Z;(s,¢) are
strongly continuous.

Lemma 8 ([37]). Pretend that % (&) and £ (&, s) are compact for every 0 < s < t. In that case,
forany 0 < s < ¢, the operators () and £ (s, &) are compact.

4. Abstract Phases Space 5 and Infinite Delay
By using the handy method of [14,15], we demonstrate the abstract phase &7 ,». Let us

say that .# = C((—o0,0], [0, 00)) with f?oo J€(t)dt < oo are used. Finally, we have stated
that for every ¢ > 0

P ={A:[—¢,0 - X, Aisbounded and measurable}
identically, create the space & with

||z = sup |A(s)|, forall Ae 2.
s€[—c,0]

Let us specify the space

0
Py —{Ql: (—o0,0] — X such that forany ¢ > 0,2[_.o € & and / F(t) sup A(s)dt < oo}.

t<s<0

If & 4 are configured as

0
125, = [ () sup [AE)at, YA€ 2y,

t<s<0

then (2, - || »,, ) is a Banach space.
The space is the first thing we consider

Py :{v : (—o0,a] — X such that v||y ,jis continuous, v|(_s = ¢ € @f}

which has the norm
xllz,, = sup [[o(s)] + 42, -
s€(0,a]
Definition 8 ([38]). The prerequisites are true Vt € [0,a]. Ifv : (—o0,a] — X, a > 0, such that
¢ € Py

1. vr € Py,

2. There are two function B1(t), B2(t) such that B1(t): [0,00) — [0,00) is a continuous function
and By (t): [0,00) — [0,00) is a locally bounded function which are independent to v(-)

whereas
vl 2, < B1(t) sup [[v(s)[| + B2(t) [Pl 2,
0<s<t

3. |lo(t)|| < Hl|vt|| 2, , where H > 0 is constant.
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Currently, the operator is defined 57 : &, — & 4 as follows

Hq (S )+ fo t)(Go —n(%))dt
AU)G) =4 T fo —f - 1%(6 B[ (t) +By(t)]dt, &€ 0,a],
¢(8), Z € (—o0,0].

The function represented by »(+) : (—oo,a] — X should be considered as

[0, &€ (0,a],
() ‘{ $(8), &€ (—oo,0].

After that, (0) = ¢(0). We indicate the function defined by « for each 2 € C([0,4], X)
with #(0) = 0 and

_ [ Z(@), ¢el0a],
w(e) = { 0, & € (—o9,0].

If % (-) satisfies that % () = (% )({) for all { € (—o0,a], we can decompose that
U (&) = () + #(¢), & € (—oo,a], it denotes % = kg + ¢ for every ¢ € (—co,a] and the
function Z () satisfies

2() = @90 + [ H4(1)(E —n(x+ )
+ /Oé(g — 1)1 L () [F (x4 50,50 + 54) + By(t)]dt

Set the space © = {2 € C([0,4],%), 2°(0) = 0} equipped the norm

1Z]le = sup [|Z(E)]-
geloal

Therefore, (©, || - ||@) is a Banach space. Assume that the operator & is defined as
follows: Let the operator & : @ — © be formulated as follows:

¢
&(2)(8) = H(©)p(0) + [ H3(1)(E0 — n(x + )t
¢
+ [ = TG EDIF (r+ 2+ 54) + By(1)at
The argument that the operator J# appears to have a fixed point is similar to the claim

that ® has a fixed point. Therefore, we continue to demonstrate this.
The subsequent assumptions, we make:

(Z1) The function 7 : | x X x &4 — X is a continuous and there exist di¢,dos > 0 such
that for all (§, %, %), (5, V., V) € ] X X X Py,

|Z (& %, ) — F &V, V)l < digll% — V|| x + dop| % — Yzl 2, -

(Z,) The linear operator #: U — X is bounded, and let W: L.2(J,U) — X be the linear
operator defined by

Wy = [a= D1 Z (0, )By (0

has an invertible operator W~! which takes value in IL?(], U) /kerW, and there exist
two positive constant 97 and O, such that

B < O, W < D,.
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(Z3) The function 17: X — X is continuous and there exist there exist a positive constant L,
such that
l9(%) =) < Lyllw = 7].

Lemma 9. Let B] = supco B1(E) and B = SUPgc0,q] B2(&) where B1(-) and Ba(-) be
defined in Definition (8). Assume that the assumptions (1) and (Z3) are satisfied with ¢ =
max |.7(¢,0,0)| and v, = |7(0)]. Then,

gel0,a]
|78+ 55,65 + 320)|| < (dagH + oy ) (B1 (D) Z o + B2 Il ) + ¢
< (diH + dog ) (B11| Z o + B39 9, ) + ¢ 2 ¢
and

(%)) < Lyl| % | +vy.
Proof. By the same way in Lemma 9 in [37], we can easily reach the desired result. []

5. Controllability Results

Definition 9 ([39]). The system (2) is said to be controllable on the interval | if for any ¢(0) € L
and &,y € X, there exists a control y € 1.2(],U) such that a mild solution 2 (-) of system (2)
satisfies % (a) = ya.

Lemma 10. If the assumptions (Z1) and (I3) hold, and y, € X is target point. Then the con-
trol function

a
V&) =W ya = H)gl0) + [ H0) G~ e+ )l
a
+ -0 )P (ot mit m)dt} .
0
steers the state 2 () of the system (2) from initial points ¢(0) and &y to target point y, at time a.
Furthermore, the control function y(&) has an estimate ||y(¢|| < IT where

a219m
1= O(llvall + % +.0), To =) +a(llSoll +vy)), and ///ozm-

Proof. Consider the solution Z(¢) of (2) defined by (7). For ¢ = a, we get

Z(a) = Hg(a)p(0) + /Oa Hq(t)(Go — n(x + »))dt + /O.ﬂ(a — )17 L (a,8) T (T,x + 52, K7 + ser)dTdt

+ o= 20, 0B [y = i (a)p(0) + [ (00—l + 0

+ (@ =T L0, ). F (1,5 + 5, K0 + %T)d’f} it

= @) + [ A1)~ nx-t N+ [ (a1 L0, ) F (x4 0+ el
Wy = @)+ [ ()G~ (0

a
+/O (ﬂ—T)q_lfq(a,T)y(T,K—F%,KT+J{T)dT:| = Ya.
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Furthermore, by using Lemma 9 the control function estimate

ly@i < [w| [n}m + @) + [ 1A O U2ol + e+ )
+ /Oa(a - t)q_lﬂi’i,(a,t)H |7 (t, % + 2, k¢ + %t)||dt]

2
SDZ{H%A+9ﬁ(|¢(0>”+a(|€0|+%7>)+Lﬁqu]

which ends the proof. O

5.1. Compactness Case

In this subsection, we assume the compactness of controllability of mild solution and
investigate its existence of it by employing Krasnoselskii’s fixed point theorem to deduce
the first result about the existence of the solution of the problem (2).

Theorem 1. Assume that (1), (1) and (I3) are satisfied. Then the problem (2) is controllable
on | if

Lo = M [aMLy + Mo (e H + day) | <1
where M = D1D7.4).
Proof. Designate
Yp={2c6:[Z]o<p}
where

L ) o (g H o+ g ) B, + 1+
P = .
1-L,

The operator & can be divided as a sum of two operators 1 and &, which can be
defined as

(12)(6) = H@6(0) + [ A0~ 1(x + )i

4 [(E 0B [F bt a) + B (g H0)p(0)]at
(©:2)@) =2 [0 | [ 0G0 - nx+ e

+ [la =0 G 0,0 (0 e+ %—;)dT:| i

Then, for u,v € Y,, it follows that ||&1(2)u + &,(2)v|| < p, which concludes that
®1(u) + B2(v) € Y,. Now, we want to show that & maps bounded sets into the bounded
set. For any p > 0 and for any 2° € Y, and in light of Lemma 9, we have
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[(©2) @1 < M(Ip(O) | +a(Eoll + 7))
+ o (drpH + oy ) (B2 Nlo + B3lI gl ... ) + <]
+ ot [llyall + (O + aligoll + 7))
+ o [(drH + dog) (B Z o + B3Il ) + ]|
= (1+.4){ T + A (g H + dog ) B3l|l] o, + € | + 4 | ya
+ pAop1(1 + 44 (d1H + dyp)p < p.

The following step is to confirm that the operator &; is equicontinuous. In the light
of the situations (Z;) and (Z3), &, is continuous. Let v1,v; € J such that0 < vy < v, < g4,
then the following scenarios are therefore possible.

1(&12)(v2) = (612) (01) || < [[H#5(v2) — A (0) [ [9(O) | + M (ol + 79) (02 — 1)

M MO0,
{qF(Zq) qr(zq) (Hy’lH + SU(|(P(O)||):| (02 - Ul)q

+ (L + 9195 (|lyall + M p(0)]])) /;’1 (02 = D172 (02,1) = (o1 = 7. (00, )| .

To evaluate the last term, we can follow the steps

(02 = 17 (0, ) — (01 = 1 Ly (0, 1) + (01 — T Zy (o, ) — (01 — )17 Zy(on, 1)t

=)
<} !

01
(01 =) = (02— )T Hlo%(vz,t)lldH/O (01 = )TV Ly (02, 1) = Zy (01, 1)]|dt

qF(Zq) (02 = 00)7 + (o] — o3| +/Ovl<vl — 1Y Ly (02, 1) — L0, t) | dt

which implies that
1(812)(02) = (61.2) (01| < [|H5(02) — A4 (01)[[Il$ O] + M ([ Z0ll + ) (v2 — 01)

Mme MO0
[qr(ztn + <) el +9ﬁllq><0>|)} (03— 01)1

+ (€ +9102(|lyall + MI¢(0)]]))

qr<2q) [(02 - vl)q + (U? - vg)}

40+ 00a(lgall + O 1)) [ (02— 1771 Z402,6) — (01 — 771 2o, ).

Due to compactness of operator .#;(y) and .Z(t,y) (see Lemma 8), we infer that
|61(2)(v1) — &1(2)(v2)|| — 0 as v = v1. Thus, & is a relatively compact on Y,. By
Arezela Ascoli Theorem the operator & is completely continuous on Y,. The only thing
left to do is provide evidence that & is a contraction mapping. Consider 2, Z* € Y. Then,

forany ¢ € [0,a],
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1(622)(5) — (6227) (D) Iy

Dlgzm ¢ 1[ ! — K+ dt
< q K+ n *
(9)?)./0”({1 T)‘? 1||y(T,K+%,KT+%r)—=/’C(Z,K*‘i‘%/KT‘ %T)|dl:|

< ey =y + s [0 = e gl =y gl = L, )

[ ©* m ¢ - *
<t Ly~ + s [ 1<d1fH+d2f>||xT—KTH,@%dr]

< M [ MLy + A7 (drpH + dog)] e — [y

= Lyl —«*||y.

In a sense, the fractional evolution equation with non-instantaneous impulsive (2) has
at least one mild solution on Y, according to the Krasnoselskii Theorem. In view of the
results in Lemma 10 and our results here, the evolution system (2) is controllable on J. The
evidence is now complete. [J

5.2. Noncompactness Case

The existence of a solution in the case of noncompactness of controllability of mild
solution can be further explored by utilizing Kuratowski’s measure of noncompactness
through applying Sadovskii’s fixed point Theorem 3. This matter can be addressed by
considering the next existence result.

Theorem 2. Assume that (11), (Z,) and (Z3) are satisfied. Furthermore, suppose that the follow-
ing inequality holds

Po = (1+.44) [aMLy + Mo (digH + doy)| < 1
Then, the evolution system (2) is controllable on J.

Proof. Firstly, we show that &: Y, — Y, is continuous where Y, C 0 is defined in the
proof of Theorem 1. Plainly, the subset Y, is a closed, bounded, and convex nonempty
subset of the Banach space 6. Let the sequence { 2"}, of a Banach space 6 such that
Z" — Z asn — co. For 0 < { < a, by the strongly continuity of .#; () and .%;(¢, t) and
Lemma 9, we get

1(©27)(¢) — (62)(0)Il < ‘Jin/oé [l (6" + 3¢) =1 (K + 3¢) || dt

m e
(Tq)/ (& — )T\ Z (1, 6" + 30,60 + 50) — F (b5 + 52, K1+ 30) ||t

<93”(L,7/ K" — x|yt + —2

T(29)
m e .
<sz,7/ 1" — x|yt + (Zq)/ (& — 7 (dupH + dog ) [} — 1] 9.t

< [amLy + 07 (drpH +dog ) [I127 = 2|y 0

4
5 G0 (gl =l + gt =l

as n — oo which implies that &: Y, — Y, is continuous.
Next, we show & maps Yp into itself. It is verified as in Theorem 1. The operator &
must be shown to satisfy the inequality of the Kuratowski measure of noncompactness in
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Lemma 3 as the last phase of this argument. Indeed, consider 2, Z* € Y,. Then, for any
¢ € [0,a], with using the assumptions (Z;)-(Z3), we get

1(6:12)(0) = (6:1.27)(Dly < fm/f [l17( + 3¢) = (k™ + 5) || dt

maq 4 11 o ar * *
Tzq)/o (& = DI YT (1, Kk + 52,50+ 0) — F (1,6 + 5,55 + 521)||dt

< [ai)ﬁLq + B (dlfH + dzf)} 12 — 2|y
By exploiting the results obtained in the previous theorem, we find that

1(&2)(&) = (627)(O)lly < [[(6:12)(5) — (6127)(0)[ly + [[(622)(6) — (&227)(8)[ly
< (1+.40) [aMLy + 0B (drgH +dog) ] 12— 27y
which implies that
1(&2)(&) = (627) (DY <BpllZ = 27 ly-

Let U C Y, be closed such that there are U;, i = 1,2,...,n;, n € Nand U C U, u;
Then, according to the definitions of diameter and Kuratowski measure of noncompactness,
we conclude that

u(eU) = inf{r: diam(SU;) <r, U C ul}
i=1

_ inf{r: sup{ [ (62)(&) — (BZ*)(E)|y} <7, %, 2% € U;, U C Oul}
i=1

n
§&]3pinf{r sup{||Z (&) - Z* )|y} <r. 2, 2" cU,Uuc | JU;
i=1
n
‘Bpmf{r diam(U;) <r, U C U Ul}
i=1
=‘43p14 u.

By Lemma 2 (vii), we know that for any bounded U € Y,

u(&U)) < Pop(U).

This means that the operator &: Y, — Y, is y-condensing. It follows from Sadovskii
fixed point theorem the operator & has at least one fixed point 2° € Y,, which is just a mild
solution to problem (2). This with Lemma 10 completes the proof. [

6. An Application

Consider the following fractional evolution with infinite delay

CDE%(é,x) A% (8, x) + F(C, % (G, x), %(,x)) + By(Z,x), ¢€[01],x€](0,n]
(C,x) = 5e7°%, ¢ € (—00,0],x € [0, 7]
U'(0,x) + 15 sin% (&,x) = 3, gelo1 ]xe[o 7|
%(Z,0)=%(1) =0, ¢elo1].

Let the space X = C([0,1] x [0, 7], R) and U = L?|0, 1] the space of a square-integrable
function equipped with the norm

1

1% | 12p0,1) = (/Oll@/(éﬂzdg)z.
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Furthermore, the operator A: D(A) C X — X is defined as A = a L ° with a domain

0

D(A) = {% 63€| a

2%636}

Apparently, the operator A is densely defined in X and is the infinitesimal generator
of a resolvent cosine family % (&), ¢ > 0 on X. Here, we take v = % which implies q = %

and A = - 2 x€ [0, 7T], we take H = &, B1(&) = éH — B; = 3%,B2(2) = ﬁ,ﬁz = \%,
[N < 1,12 D] <036 VO <s <{<T1
The non-local function given by (% (¢,-)) = 15 sin % (¢, ), so we have

Hsm% sm”f/H H% Al

then, L, = %
Let h(s) = ¢’°,5 < 0, then f_Oooh(s)ds = 1, we define

0
9115, = ¢ sup 9(&)]|ds.
T s<¢<0
Then, we can say

1 o5 1
19115 = lIze %, = 5.

Assume that the operator 8 = O11 where [ is the identity operator. For x € [0, 7], we
also assume the operator W: (U,R) — X is defined as

1 -1
Wy =91 [ (1-0)7 %0,0)1y(E x4
and its norm can be given easily by

6,
= 50(3)

il = [ - 0% 0, omue x| < 25l

69O
< 1
5T(3)"

Plainly, W is linear and bounded operator with W Therefore Assumption 2

holds for a suitable constant O, > 0.
Finally, suppose that

_La %
ﬁ(é,%(g),%;)—ﬁg’ sm%+5+§%

Clearly .7 : [0,1] x X x & — X is continuous and satisfies

1,1, . . 1
17, % (8), %) — F (&, V(6), V)|l < 1z I sin% —sin V| 2~ + " % — Vel 2 -

Then, we have dlf = % and dzf = % and

*  Case I: Krasnoselskii fixed point theorem:
To check the presumption of Theorem 1, we have L, ~ 0.167757.#; < 1 which is
true for all 0 < O < 4.48439/9,. Thus, all assumptions of this theorem are satisfied.
Therefore, the problem (2) has a unique mild solution and is controllable on (—oo, 1].
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*  Case II: Sadovskii fixed point theorem:
To check the presumption of Theorem 2, we have B, ~ 0.167757(1 + .#;) < 1 which
is true for all 0 < D7 < 3.7321/9;. Thus, all assumptions of this theorem are satisfied.
Therefore, the problem (2) has a unique mild solution and is controllable on (—oo, 1].

7. Conclusions

In the current study, we analyzed an infinitely delaying system of fractional evolution
equations. The foundation for our observations is furnished by current functional analysis
approaches. In order to provide a reasonable remedy, we employ the unbounded operator
A as the generator of the strongly continuous Cosine family. In the case of the problem (2),
we had to examine a moderate controllability solution by two different arguments, the
first of which used compactness technology and the second, noncompactness. By using
the Sadovskii fixed point theorem and the measure of non-compactness, we present a new
approach to analyzing the controllability of mild solutions. The first argument is based on
Krasnoselskii’s theorem, which allows .7 (, %, %) to behave as

|7 @ %, ) —F 7V, V) < dipllU =V |2+ dopl| % = Vel 7,

The tools of fixed point theory in the case of simple assumptions are simple to install
and enhance the range of results offered to meet our demands. The second result, which
is rooted in the Kuratowski measure of noncompactness and the Sadovskii fixed point
theorem, establishes a stipulation to utilize the operator of the solution is a condensing
map in order to comply with the Lipschitz continuance, ensuring that the problem at hand
has no prior solutions. Our conclusion is then illustrated with a numerical example that
looks at a function that meets all the requirements.
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both on direct and indirect mode of transmission), existence and uniqueness, as well as stability
analysis of the solution of the model, are studied. The paper studies the effect of optimal control
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result and to show the significance of the fractional order from the biological viewpoint.
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1. Introduction

COVID-19 surfaced in the world at the end of the year 2019. It undermined many
sectors such astransport, the economy, education systems, sports, entertainment, etc. The
pandemic killed and infected many. The nature and mode of the spread of COVID-19
outbreak are still not completely understood. Researchers are geared towards finding
vaccines to curtail the spread of the virus. The idea is to limit the number of new infections
and subsequent deaths due to the pandemic. Due to the scarcity of vaccines, many countries
in the world adopt non-pharmaceutical measures such as lockdown, airport closures, use
of sanitizers and social distancing. There is a great deal of research in the literature with
regard to the pandemic, both from a theoretical and practical point of view [1-7].

It is estimated that 75% of infected individuals recover without showing serious symp-
toms and many achieve e natural recovery [8]. Throat infection, chest pain, runny nose or
nasal congestion, losing smell and taste, vomiting, diarrhea and nausea are some of the
symptoms of COVID-19. In most cases, these symptoms appear slowly. It is also believed
that elderly people can observe serious complications compared to their younger counter-
parts. On average, infected individuals spend 7-14 days before showing symptoms [9]. In
many cases, it takes 14 days before mild cases recover [10]. The transmission of COVID-19
occurs mostly via either a direct (through contaminated air by tiny droplets and airborne
particles containing the virus) or an indirect (through contaminated surfaces) method.
The virus is released from the mouth of infected individuals through either sneezing or
coughing and is shed into the environment in the form of micro-particles in the air. This
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shedding effect is of paramount significance in studying COVID-19 transmission. Although
diagnostic tests and vaccine treatments are now available to curb the spread of the disease,
the use of standard hygiene practices and chemical disinfectants in public places must still
be maintained.

Many fields of study such as epidemiology, economics and finance, aeronautical
engineering, robotics, etc., use optimal control as an effective mathematical tool to optimize
control problems [11]. However, there is little in the literature about the use of an optimal
control approach to study COVID-19, since control in a real sense varies with time [12-18].

Fractional order derivatives and fractional integrals are very important tools that are
used in the study of mathematical modeling due to their hereditary properties and ability
in memory description. In the last few decades, the fractional differential has been used in
mathematical modeling of biological phenomena [19,20]. This is because fractional calculus
can explain and process the retention and heritage properties of various materials more
accurately than integer-order models [21,22]. Due to the effectiveness of mathematical models
in studying infectious diseases, recently many scientists have been investigating mathematical
models of the COVID-19 pandemic with fractional order derivatives; they have produced
excellent results [23,24]. The Caputo fractional order derivative is based on the exponential
kernel and details on its operation and its applications can be found in [25-28]. Caputo
fractional derivative gives less noise when compared with other operators [29]. In this
paper, we use Caputo fractional order to model the spread and control of COVID-19 with
emphasis on shedding effect.

The main contribution of this paper is to mathematically demonstrate the fact that
an uninfected population can become infected by both direct and indirect methods by
the exposed or infected class. Infected and exposed individuals can contaminate the
environment by shedding pathogens. It is also our aim to show the effect of healthy hygiene
practices, i.e., using alcohol-based hand sanitizers and effective chemical disinfectants in
public areas in curbing the spread of COVID-19.

This paper is organized as follows: the introduction is given in Section 1, formulation
of the model is given in Section 2, analysis of the model is given in Section 3, construction
and analysis of the optimal control problem is given in Section 4, numerical simulation is
given in Section 5 and finally conclusions are given in Section 6.

2. Definition of Terms
In this section we give definitions of the Caputo derivative as in [30].

Definition 1. The Caputo fractional left-sided derivative is defined as

D8, (1) = gy [ =0 g Al > 0

a

Caputo fractional right-sided derivative is defined as

n—a—1 ar

n b
CD5_(f(1) = régl_)“)/(r— t) S (DT, £ <b.

3. Formulation of the Model

We adopted and modified the model in [28]. The transmission of COVID-19 occurs
through primary and secondary routes. The primary route is through person-person
contact and the secondary route is through contaminated surfaces (shedding effect). While
much research on the control of pathogen transmission through the primary route are avail-
able in the literature, little considers the secondary route. The control of the transmission
through the secondary route involves healthy hygiene practices which include using hand
sanitizers, face masks and effective chemical disinfectants in public areas.
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The model consists of a system of fractional order differential equation in the Caputo
sense with six compartments. The compartments are: S(t), E(t), I(t), H(t), R(t) and V(t)
which stands for Susceptible, Exposed, Infected, Hospitalized, and Recovered compart-
ments, respectively. To study the shedding effect, another compartment for contaminated
surfaces is added as Virus class V(1).

First, we will consider and analyze the fractional order model in Caputo sense without
the optimal control and then in Section 5 we will introduce and analyze the optimal control
function.

The model is given below

SDES(t) = Y — B¥SI — %SV — S,

SDYE(t) = ,B“SH—G"‘SV (p* + 4" +n)E,
§DIT = y"E — (u* + 7t + 85 +13) 1,

¢ M
) D"‘H_ 7r"‘I— (u*+¢5+n5)H,
ngR( ) = WE+ysT+3H — R,
gDV (t) = ;1“E + q2*1 — 1"V,
with the following initial conditions
5(0) = ay,E(0) = a3, 1(0) = a3, H(0) = a4, R(0) = a5 and V(0) = a,
The meaning of the parameters involved in the model is given in Table 1 below.
Table 1. Meaning of Parameters.
Parameter Meaning
Y Recruitment rate into susceptible class
B Transmission rate of COVID-19 from human to human
0 Transmission rate of COVID-19 from environment to human
U Natural death rate
0% Rate at which exposed individuals move to Infected class
11,12, 13 Natural recovery rate in Exposed, Infected and Hospitalized classes respectively
Rate of hospitalization

¢1,02 Rate of COVID-19 caused death in Infected and Hospitalized classes respectively

q1,92 Rate of virus shedding from Exposed and Infected classes respectively
r Rate of sanitization

0<a<l1 Fractional order

4. Analysis of the Model

In this section, some mathematical properties of the model are explored. This consists
of positivity and boundedness, computation of Equilibria, basic reproduction number,
existence and uniqueness analysis of the solution of the model, and local stability analysis.

4.1. Positivity and Boundedness

To show positivity, considering Equation (1), we have

CD’XS |5 0=Y*>0,
CD"‘E \E 0= B*SI+0*SV >0,
SDYI(t)|1=0 = ¥*E >0,
CD"‘H (t)|H=0 = 1 >0, and
CD“R (t)|r=0 = n{E+n51+y5H > 0.

Therefore, we can observe that the solution of (1) is non-negative.
For the boundedness, we can observe that the overall dynamics of the human popula-
tion is obtained by adding the first five Equations of (1). Let

N(t) = S(t) + E(t) + I(t) + H(t) + R(t)
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Then,
GDEN(t) = GDES(t) + GDYE(t) + GDEI(t) + G DY H(t) + G DER(E),

which simplifies to,
GDIN() = Y* = N = (Gi1+ &5 H),
hence,
SDEN(t) < Y* — u*N.

We apply the lap-lace transform method to solve the Gronwall’s like inequality with
initial condition N(ty) > 0. We have,

L{EDIN() +p*N | < £{¥"}.
By linearity of the Laplace transform, we get
c{§DENm |+ pLiNe } < £{r},

Then we get,

SN} — 5 S FINK(t) + 10 L{N(H)} < Y?
k=0
Simplifying, we get
101 1 o 1 "
LINOY <Y 55 +Y N (to)

VIX
(1+5)

Using Taylor series expansion, we have

Therefore,

av < (5 E()) B £(5)

Taking, Laplace inverse, we get

g\ n—1 oo _(Vuta)n
(1) + Z:l Y T(an+k+1)

N(t) <Y —Y* )~
0 k=0n=0  tKNK(ty).

— T(an+1)

Substituting the Mittag-Leffler function, we get
n—1
N(t) < Y1 = Ey(=p*t")] + 1 Epar (— )N (ko).
k=0

where Eq(—pu*t*), Epy1(—u*t*) are the series of Mittag-Leffler functions which converge
for any argument; hence we say that the solution to the model is bounded.
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Thus we define,
w={(S(t), E(t),I(t), H(t),R(t)) € RS : S(t), E(t),I(t), H(t), R(¢)
n—1
<YM Ey(—p*t")] + ¥ B (—ptt*)FN (to) }
k=0
Hence, all solutions of (1) commencing in w stay in w for all + > 0. Positivity of

solutions means that the population thrives, while boundedness means that the population
growth is restricted naturally due to limited resources.

4.2. Equilibria and Basic Reproduction Number

The equilibrium solutions are obtained by equating the equations in the model to zero
and solving the system simultaneously. We obtain two equilibrium solutions; disease free
and endemic equilibrium solutions.

i. Disease free equilibrium (E°)
th
EO = {SOr Eo, In, Ho, Ro, VO} = { W’ 0,0,0, 0,0}

ii. Endemic equilibrium (EY

E' = {Sy, Ey, I, Hy, Ry, Vi },

where,
g, = Ut 4G (1 i %) B
protrt 408 (gi (7 4+t +5) + i)’
Y E1
L= ,
Lot e
H, = 7t Ey
(5 +nu* +85) (T + 5 +p*+21)’
R = L e nzmt” 57" } ,
pe T (s e Gy (T g G s 8]
_ 11, "
Vl - o |:q1 + 7T“+77%+ﬂa+§% El’
and E; is defined as
E — 1 e M b+t G) (g )
(i) Brytrt + 00 (g5 (45 4 pt £ 85) +a37°)

4.3. Computation of Basic Reproduction Ratio

In this section, a threshold quantity called basic reproduction ratio is computed using
the method of next generation matrix. Consider the following Equations from (1):

SDYE(t) = B*SI+0°SV — (u* + v* + %)E,

§DEI = 9"E — (u* + 7% + & + %) 1, ?)
SDYV(t) = qE+ qol —rV.
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Let A;(X) and B;(X) be the rate of appearance of new infection and rate of other
transitions in the ith compartment respectively. Then

BSI + 64SV
AI(X) = ( 0 ), and BZ(X)
0

(n* + " + i) E
= | -7 E+ (u+ 7+ )l |
7qlaE — qzal =+ ™V
Then Equation (2) can be written as

X = A{(X) - Bi(X), i =1,2,3.

Now, define

O Yﬂtﬁﬂ( Hﬂlﬁﬂl
_ [ 94 _ 7
A= <ax]> (EO) 0 0 0 , and
0 0 0
JB: ot g 0 0
= <Z> (Eo) = —Y"E pr+mt+ 8+ 0.
ox; o o o
4 —q1 —q2 r

The basic reproduction ratio, which is the spectral radius of the matrix AB~!, defined
as p(AB™1), is calculated as
Rop=Ri+Ry+Rs,

where
R YlXﬁlX,},lX
1= ,
pe (e 8y ) (it )
Rr= L and
yarzx (‘uzx + ’Y"‘ + ;7%) ’
R _ GDCYD(qZIX,YtX
5=

pr (w7t 4 8 ) (o )
where Ry, Ry and Rj are related with the endowment of direct human-to-human contact
routes, exposed-to-environment and infected-to-environment, respectively.

4.4. Existence and Uniqueness of Solution of the Model
Consider the system
S(t) — S(0) = §DyS(t){Y* — B*SI — 6*SV — u*S},
E(t) — E(0) = §DYE(t){B*SI + 6°SV — (u* + v* + n})E},
I(t) = 1(0) = §DFI{v"E — (u* + 7* + & + y5) 1},
H(t) — H(0) = §D¥H{m" — (u* + &% +n5)H},
R(t) — R(0) = §D¥R(t){#¥E + 751 + n5H — u*R},
V(t) = V(0) = §DEV({m E + 2" — "V},

67



Axioms 2023, 12, 321

and
S(t) — S(0) = M(a) f, (t —7) “Fi(t,S)dx,
E(t) — E(0) = M(a) [ (t — 7) “Fa(t, E)dr,
I(t) — 1(0) = M(a) [, (t —7) “F(t I)dr,

where

§DS(t) = F(t,$),
§DEE(t) = B(L,E),
§DFI(t) = B3(t, 1),
GDFH(t) = Fy(t, H),
GDER(t) = Fs5(t,R),
§DEV(t) = Fs(t, V)

Now, we can easily show that Fy, ..., F satisfy Lipschitz continuity using the follow-
ing theorem
0 < % + 0% +u* < 1,

This is a contraction.

Proof.

[Fi(t,S) — Fi(t,S1) ||
= |[[Y* — B*S(H)I(t) — 0*S(t)V () — p*S(t) — Y*
+BS1(E)I(t) + 0%S1(t)V(t) + u*S1(t)]]
= || = B I(t)(S(t) — S1(t)) — 0“V(£)(S(t) — S1(t)) — u*(S(t) — S1(1)) |l
< BT [IS(E) = S1(B) || + 0V (1) [S(t) — S1(t)[| + u*[IS(t) — S
< (B%k1 + 0% + pu®)[[S(t) — S1(t) |
< Ly[|S(t) = S1(1)]],

where L1 = ,Bakl + 0%ky + sz , k1> \|I(t)||and ko > ||V(t)“ (|

Similarly, we find the remaining Lipschitz constants Lj,..., Ls show the Lischitz

continuity and contraction of £, ..., Fs.
Recursively, let

Pln(t) = Sn(t) - Snfl(t)

— (i1, S-1) — R 5,2)

oy d (L85 0) = F(8,5,-2))do
pul) =B~ Bl

= G P Er) Bt Eua)

o oyt | (0 Ea) = B0, 2))d,
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- (Zz(lvc)_l\zzzx) (Fa(t, Hy ) = Fa(t, Hy))
20 £
=M § PO Huo1) — R0 Hi2))dd
psn(t) = Rz(a R,)q_l(t)
—
@y ) TR )
144
+ (2= a)M() Of(F5(19/ Ry—1) — F5(%,R,—2))dd
pen(t) = Vnét)l— V1 (t)
T —( zx)_]\zzzx) (Fo(t, V) = Fo(t, Va-2))
20 £
+ (2 — a)M(a) Of(F6(19r V1) — F5(8, V,,—p))dd,

with initial conditions

So(t) = 5(0), Eo(t) = E(0), Io(t) = I(0), Ho(0) = H(0), Ry(0) = R(0) and Vo(0) = V/(0)

Consider g1, and take the norm, we have

lgu (O = ||Sn2(E:)l - Sg—l(t)H
—u
:”W(H(t' Su-1) — Fi(t,S4-2))

20

T oM@ Of(ﬂ(l% Su—1) — Fi(8,S,-2))dd]|

Applying triangular inequality, we have

P (o) ;Wln(;)yts e
(2—2121\/1(“) t T e
+Wn [ (Fi(8,5,0) = Fi(6,5,2))do]
< ety Ll Sl
+(2§;WL10}|S” — S,_1do.
This implies
)1 < 5ot bl Pana )]

4 t
+(2_5)M(D¢)L1 bf | prn_1(t)]|d9.
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In the same way,

A t
(z_j)MM)Lzbf [p2n—1(t) ]|,

Iran Ol < ety POl + =iy | 1140,

A il el (] +
2(1 )
WM
2(1 —w) 2w
WM
2(1—a)
WM
2(1—a)
WM

(1—«
lp2n(B)[| < 2= M@

<

ity el O+ G ggesta [ Ipaa (O]9,
om0l < gty slPon 1Ol + iy s | 114,

Ipon()] < 75t Lollpona ()] + (z_jg‘MWLeoft Ipen1(6)]42.

pan(B)[] < 2= )M

<

M

Hence, we have

Su(t) = X pui®),
En(t) = é’l pai(t),
In(t) = él pai(t),
Hy(t) = ié pai(t),
R(t) = ¥ psi(t),
Valt) = & pai).
The following theorem gives the condition for the existence of the solution:

Theorem 1. The solution exists if tyexists, such that the following inequality is true,

2(1—a) 2uty
2-a)M(@) " 2—-a)M(w)

Li<l,i=1,...,6

Proof. Recursively, we have

IOl < 1S5 | G2 gt 1+ o)
)

61 < 1EO 157

I ) < IO | b+ st
I () < O | it 2
I ) < RO oL 4 L]
Ipen )] < VO | s s+ oyl
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Hence solutions exist and are continuous. To show that the functions above construct
the solutions, consider

S(t) — S(0) = S,(t) — My, (1),
E(t) — E(0) = En(t) — My, (),
I(t) — 1(0) = L,(t) — M3, (t),
H(t) — H(0) = Hy(t) — My, (t),
R(t) = R(0) = Rp(t) — Ms,(t)
V(t) = V(0) = Va(t) — M, (t)
Hence,
13, ()] = | 5o s (o1 Som1) = i1, 55-2)) + (Z)OI (Fi(8,5,1) — Fi(6,5,-2))do)|
2(1 —a) 2u
S - oM@ IIFl(t,;:_l) )—F1(t,5n2)| + 7(2_“)]\;( )|| f(F1(19 ~1) — Fi(8,S,—2))dd||
- o

= WMIIS —Sp_all + WMHS — S|t

Carrying out the procedure, we get

p P n+1
0,01 < | ity * - ami) L

Att =t], we get

2(1—a) 2ut i n
14,01 < [ = ey * @]

Taking limit as n — co, we get
1My, ()]} = 0.
Similarly, we have
1Mo, ()], [ M3, (#) |, | Ma,, ()], [|Ms, ()], ]| M, (£) || — O-

To show uniqueness, assume we have some other solutions, S'(t), E'(¢), I'(t), H'(t), R'(t),
and V(t), then

156) = S0l (1~ okttt — gyl ) <0

The completion of the proof is given by the following theorem.

Theorem 2. If

2(1—u) 2ut
1- - L
(- it e ) > ©
then the solution is unique.

Proof. Consider

156001 (1 6™ g~ ) <°

Since,

 2(1-a) B 2ut
(1 @M <z—w>M<a>L1>>°'
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Then

Hence,

This is true for the remaining solutions.
4.5. Stability Analysis of the Equilibria
Here, we show the local stability of Disease-free equilibrium (E®) and Endemic equi-

librium (E') respectively. For details see [31,32].
Consider the Jacobian matrix obtained from (1), we have

—BT — 0%V — p® 0 —B*S 0 —6%S
B + 6%V —(u 4+ 1) B*S 0 6*S

] = 0 7 —(p+ 8 +15) 0 (U ®3)
0 0 e W+ +ms) 0
0 i 1 0 -

Theorem 3. Disease-free equilibrium (E°) is locally asymptotically stable whenRy < 1.

Proof. Consider (3) at (E?), we have

—pt”‘ 0 *,B‘XSO 0 *9“30

0 —(p+9"+ni) B*So 0 63,
](E°> =10 7 —(p* + * + 24+ 1) 0 0
0 0 " —(u+g+ng) 0

0 7 7 0 —rt

The Eigen-values are

M= —pt A==t 5+ 63),
A3, A4 and As can be found by solving the polynomial equation,

AT N2 [(ut G )+ () +
FAM(p* + 7+ 3+ n3) (u + 9% +nf) + (u* + 7+ 8F + 5t
+(u* 4+ 7* + 7§)r* — g56*So — v*B*So)
(" + 7+ G ) (" + o )t
—[(p* 4 7+ Gf +115)970%So + 1" B* Sor™ 4 v*B*S0q}6" So]] = 0.

By Routh-Hurwitz criterion, Eigen-values of f(s) = ags® + a1s* + aps + as, are all
negativeif a; > 0, a3 > 0, and aja; > as.
In this case,
B = (04 T+ )+ (i )+ >0,
ay = (p* + " + 63 ) (* + 9" + )
—(p® 7+ 85 +973)q710" S + 9" p*Sor®
+7*B*Spq{6*Sp] > 0,
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if
[(p 4 7+ G +75)q50%S0 + "B Sor® + "B S0gi€"So] _
(V(x+na+€%+ﬂg)(ya+7a+n{t)rtx -araz 3 ’
if a
=<
ayan

In conclusion, all the Eigen-values are negative if Ry < 1.
Theorem 4. Endemic equilibrium (E!) is locally asymptotically stable whenRy > 1.

Proof. Consider (3) at (E!), we have

—BEL — 04V — b 0 — B, 0 —97s,
15“11 + 60*V; — (ya + 7+ 1’]%) ‘3“51 0 0%Sq
J(E') = 0 7 — (i T Y g8) 0 0
0 0 i —(p*+25+1%) 0
0 91 9 0 -
U

The Eigen values are Ay = —(u* + 75 4 &3), and A, A3, A4 and A5 can be found by
solving the polynomial equation,
AsFAsl(pt 4 7+ 85 4 5) + (B L+ 0"Va 4 %) 1 4 (0 4 )]
A2 [BAS1+ (u + 7+ 0F + ) (B I+ 0% Ve + ) + (u* + 7t + 8 4 5) "
+(u* 4+ 4 5) (1 + ) 4 (B L+ 04V 4 )
(B + 0"V + ) (1 + ") + (" + ") — (0" + 85 +15)6%51)]
FA[BES1r 4 BS1(BY I + 0%Va + )
+ (U G g (BT 0NV + ) (r + (1 + )
() (1 + 7+ 8+ 8) + (BYh + Vi + )
+(p® + &5 +n5) 0°S1 BTy + 6% Vi)
= (7"q50%S1 + PAS1(BN + 0°Vr) + (u* + 7% + T + 15) 0% (1 + 85 + 15)
+6%S1 (u* + 85 +n5) (B L + 6% V1 + )]
+[v*50°S1(B I + 0% V1) + r* B S1 (B 11 + 6" Vi + p”)
+ (B 4 0% Vy + p®) (p® + 7 + &5+ n§) r* (u® 4+ " + 1)
+ (" 8 4 5) 005 (i + 85+ 15) (B + 6% V1)
—[(u* + 7" + 8+ 75)0%S1 (u* + 85 + 15) (BT + 0%V + p*)
U BUS1(B  +6%V1) + 30" S1 (BT + 6V + p*)]] = 0
By the Routh-Hurwitz stability criterion, the remaining Eigen values of f(s) = ags* +
a18° + a5 + azs + ay, are all negative if
ap >0, az >0, ag > 0, and ayazaz — az” + a12ag > 0

Clearly, all the Eigen-values are negative if Ry > 1.

5. Optimal Control Analysis

The formation and analysis of optimal control function is given in this chapter.
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5.1. Formation of Optimal Control Problem

The dynamics of the control system can be described by the following system of
Fractional order differential equation in the Caputo sense

SDES(t) = Y* — B¥SI — 0SV — p*S + 2uV,
SDYE(t) = B*SI +6*SV — (u* + 9" + n¥)E,
§DII = "E— (u* +m* + & +15) L,
GDfH =71 — (u* + 23 +15) H,
GDER(t) = nfE+y51+n5H — p°R,
§DEV(t) = 1*E + g% — r*V — uV,

(4)

where u = is the observation of standard hygiene practices and chemical disinfectants in
public spaces.
The objective function to be minimized is given as:

T(u) = Atf(av+bu2)dt, 5)

The objective here is minimizing V at the same time to minimize the cost of the control
u. Hence, we need to get the optimal control u* such that:

() = min{J(u)|u € Q). ®)
The set containing control is:
Q= {u : {O, tf} — [0, oo) Lebesgue measumble}.

The expense of minimizing V is represented by the term aV. Likewise, all the expenses
associated with the control u is represented by bu?. The sufficient conditions required for
the optimal control to be fulfilled can be found by using the most popular PMP. The said
principle can be used to turn Equations (3) and (5) into a point-wise minimizing problem
of the Hamiltonian H with respect to u as stated below:

H=aV +bu® + M{q1"E + "1 — 1*V — ouV} (7)
where A is the adjoint variable or co-state variable.

A oH "
_E_W_Q+A{_r — Qu} 8)
The transversality condition is /\<t f) =0,forO<u<l1.

From the interior of the control, we have:

oH
5 =2bu— A2V =0 )

from where .
u*t = EAQV (10)

5.2. Existence of Optimal Solutions
For the existence of the optimal control, we give the following theorem
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Theorem 5. The control values u* which can minimize J(u) over U are given by,

u* = mux{O, min [1, 2117)\@‘/} }, (11)
where
0, ifu<Q,
w=<uif0<u<l (12)
1, ifu> 0.

Proof. To prove the existence of the optimal control solution, we use the convexity of
the integrand of | with respect to control u for the boundedness of the solutions and the
Lipschitz property of the system of the state with respect to the variables of the state. Hence,
we apply PMP and get the following:

oH

§DsAs(t) = 35

(13)
with Ag (tf) =0.0

We can obtain the conditions for the optimality by differentiating the Hamiltonian H

with respect to u:

oH
5 =0 (14)

The adjoint System (7) and (8) comes from the solution of Equation (4) and the optimal
controls Equation (10) can be gotten from Equation (11). The optimal system comprises
the controlled System (4) and its initial conditions, System of adjoint (7) and conditions for
transversality.

6. Numerical Scheme and Numerical Simulation and Discussions

Here, the method proposed in [33] is reviewed. Consider the proposed algorithm
using the following initial value problem (IVP):

§DF(y(1) = f(t,u(t)), 0 <a <1, te[0,Tly"(a) = yg. (15)

The above IVP is equivalent to the following Volterra integral equation:

y(t) = u(t) + 18(“) /Ot(s)P_l(tP — sp)"ﬁlds

where

w) =5 L ary [(xl‘ﬁd‘i)"wx)}x_a.

n=0 pnn!

First, we assume that the solution exists on the interval [a, T|. Using the mesh points
we divide [a, T| into n subintervals equally [t, tyy1], wherek =0,1,..., N—1,

1
ty=a, teyq = (t,’j+h)P, k=0,1,2,...,N—1,

p_ gP
and = (P —aP)

0,1,..., N. By means of the following integral equation and by assuming we already get

. To solve (15) numerically, we generate the approximations vy, k =
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the approximation y; ~ y(t;), j = 1,2,..., k, we want to approximate y; ~ y(t;1). The
integral equation is given as

Vi) =) + B [0 (=) S )

Ja

Substituting z = (s)”, we have

1 1
—& ff 1 a—1 - -
y(tr1) = M(fk+1)+%/a | <t1€+1 _Z) flzP.y| 2P | |dz,
equivalently,

P 1 1

—u tiq a—1 - W
y(tk-l-l) = M(tk+1) + rp(a) Z /tpﬁ (t]€+1 - Z) f Zp/y zP dz. (16)
j=0""%

We then use the Trapezoidal quadrature rule by considering the weight function

a—1
(t]f - z) to approximate the above integral. Using t;’ (j=0,1,...,k+1) to replace
1 1

flzP,y|zP | |, weget

1 1
ftj“(t,fﬂ—z) a1y ZE,]/ z? dz
2@ +1) [((k— )"
—(k—j—a)(k—=j+1)") f(t;,y(t))
+H((k—j+1)"
—(k—j—a+1)(k—7)") f(tirry(tia))]

Substituting the integral into Equation (16), we obtain the following as the corrector
formula:

&

—u k

—lxhlx
Y(tks1) = u(teq) + ﬁ . Oaj,k+1f<tjry(tj>) + %f(tﬂ-l/y(tj-i-l)) (17)
i=

where

. B k1 (k _ a)(k_;’_ 1)”‘]‘017 =0
P (k= j+2)" 4 (k— ) —2(k—j+ 1) for1 < j <k

Now, substituting y(t;1) with y?(f;,1) obtained by applying the one step Adams-
1 1

Bashforth method and also substituting f | zP,y | zP | | with f(t;,y(t;)), we obtain

ki) = ultn) +ghyy BT A yE) )
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Hence, the predictor-corrector method is given as

,,xh,x k —apn
Yir1 ~ u(fry1) + Z e f (i, y () + ﬁf(thrl/yla_])'

To implement the above scheme, we solve Equation (1) numerically. The approxima-
tions Sky1, Ex+1, Ik+-1, Hi41, Ret1, Vi1 can simply be obtained using the iterative formulas
above for N € Nand T > 0,

Seor = Sot+ L o [YE = S — 675,V — S
k+1 0 F(D{+2) ) jk+1 it IAd] j
pfﬂfhlx
+m[w = B*Sks1lk1 — 0% Sk1 Vi
—4* Skl
ptht K A
Ej1 = E0+m Y ajjs1[B*Si1; 4 6°S;V;
— (" +" +’71) j]
p—tXhﬂt
+7

T(a+2) (B*Skt1lk1 + 60%Skq1 Vieya
— (1 + 4 18) Bl

—xpa k
pi)zﬂj,thE — (u* + 7+ 8 +13) 1]

T(a+2) [Y*Es1 — (0" + 7 + &5 +15) Lt |,

0 h® k
T(a+2) 5 E”Jkﬂ[” Ij— (" + &5 +n5) Hyl
p—txha
I'(a+2)
piah“ k o L4
T(a+2) = Z a;,k+1[’71E]+’7 Li+nzHj—p Rj]
pfﬂéh“
T(a+2) (175 Exgr + 175 Teyr + 75 Hipr — B Ry,
p—ahtx k

—Q&pu

F(uc+2)[

Hyy1 = Ho+

+ [ Ieq — (0 + 25 +15) Heia ],

Riy1= Ro+ =+

+

Vibr= W+

+ 01" Ex1 + 42" e — 1" Vi

where h = ~ and

—a a  k
Sk ~So + T X%)[ (k+1—7)% = (k=] [Y* — B*S;I; — 6*S;V; — u"S;j]
]

ﬂxtx k

E,f+1on+ Zo[kﬂ — (k=) [B*SiLi + 0°S;V; — (u* + 9% +n})Ej],
]

N o h* ) .
I]erl ~ Ip+ m];[(k+1 — )" = (k—])a] ['Y“Ej —(u+ 4G +’7§)Ij},
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Population

10

HYL, ~ Ho+ %:O[(H Lo () [ — (8 ),
R}, ~ Ro+ rp‘l i[(k+ 1—)* = (k= )] [1{Ej + n3Lj + n5H; — u*Ry],
(a41) =
o & . .
V0 ~Vo+ m};[(k + 1) = (k= )" [n"Ej + 2" I; = r* V.

For the numerical simulation, we use the following parameter values from [28]; Y =
130, = 0.11, 8 = 0.025, u = 0.0395, v = 0.0689, 171 = 0.157, 1, = 0.098,13 = 0.0714, T =
0.009, & = 0.015, & = 0.015,4; = 0.001,4, = 0.000398,r = 0.06, « € (0,1].

Figure 1 depicts the dynamics of the model. It can clearly be seen that, without
shedding effect control, the susceptible populations all go to extinction, whereas infected
exposed populations and viral populations proliferate. This clearly shows the need for the
application of shedding effect control measures to control the pandemic.

x 10
L L L L L L L L L
Susceptible
B Exposed
N Infected
Virus
-
0 2 4 6 8 10 12 14 16 18 20

Time

Figure 1. Dynamics of the model.

Figure 2 shows the extinction of the variation susceptible population. This means if no
control of the shedding effect is observed, subsequently all people in the population will
become infected.

From Figure 3, it can be observed that application of shedding effect control increases
the susceptible population. It is clear that there may be a decrease in the population which
can be attributed to direct infection of the disease, but the control prevents the population
from extinction.

Figure 4 compares the exposed population with and without shedding effect control.
It can clearly be seen that application of the control measure has a positive effect on the
exposed class as it minimizes it. The proliferation of the disease can be attributed to the
direct infection.
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1 T T T T T T T T T
{ ——® Susceptible without control of the shedding effect {

Population

0 2 4 6 8 10 12 14 16 18 20
Time

Figure 2. Dynamics of susceptible population without control.

8 r 8 8 C C C C C

—® Susceptible with shedding effect control

9000

8000

7000

6000

5000
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4000

3000

2000

1000

0 2 4 6 8 10 12 14 16 18 20
Time

Figure 3. Dynamics of susceptible population with control.

x 10"

12 T T T T T T T T
Exposed class without shedding effect control

Exposed class with shedding effect control

10 -

Population
)]
)

r r r r r
(o] 2 4 6 8 10 12 14 16 18 20
Time

o

Figure 4. Comparing the dynamics of exposed population with and without control.
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Population

Population

Figure 5 compares the infected population with and without shedding effect control.
It can clearly be seen that application of the control measure has a positive effect on the
infected class as it minimizes it. The proliferation of the disease can be attributed to the
direct infection.

16000 T T T X X X I X X
fo - Infected class with shedding effect control
14000 Infected class without shedding effect control
12000 -
10000
8000
6000 [~
4000 -
2000 - i .
0 L L L L L L [ L L o
0 2 4 6 8 10 12 14 16 18 20
Time
Figure 5. Comparing the dynamics of infected population with and without control.
Figure 6 shows the influence of the variation in the fractional-order « on the biological
behavior of the infected population. It is clear from this Figure that the population has a
decreasing effect when « is increased from 0.2 to 1. Hence, the memory effect can be seen
clearly.
x 10°
3 E T T T T
"""""" = alpha=0.2
alpha=0.4
- alpha=0.6 ||
alpha=0.8
alpha=1.0
4 6 8 10

Time

Figure 6. Dynamics of infected population for various values of a.
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3000
2500
2000
1500 |
1000

500 |

Daily infected cases for Nigeria are used to fit the model. The data are collected
from daily new infected cases for Nigeria from 30 January 2020 to 10 April 2020, which is
available at the WHO website [34]. Some parameter values were estimated to give the best
fit for the model. We fit the curve for daily confirmed cases in Figure 7.

¢ Realdata

—— Fitted curve

20 40 60 80
Figure 7. Model fitting using the real data.

To disclose the plenary scenario of the error analysis, a tabular exposure of the statisti-
cal ingredients of error analysis, including minimum value, maximum value, average, and
standard deviation (SD) of the relative errors (RE), is provided in Table 2.

Table 2. Error Analysis of the data prediction for the Infected population.

Minimum Value of Maximum Value of
RE (%) RE (%)

0.064410718 5.380764019 1.623503267 1.386483902

Average RE (%) SD of RE (%)

From the table the error indicated that the result demonstrated better validation of the
model in comparison with real data.

7. Summary and Conclusions

This work consists of the transmission dynamics of COVID-19 represented using a
fractional order SIR model in the Caputo sense. The model integrates the indirect mode
of transmission of COVID-19 which is caused as a result of shedding effect. The indirect
mode of transmission of the virus through shedding is an essential factor that needs to
be studied. Equilibrium solutions, basic reproduction ratio (that depends both on direct
and indirect mode of transmission), existence and uniqueness of the solution of the model
and their stabilities were studied. The paper studied the effect of optimal control policy
applied to shedding effect. The control is the observation of standard hygiene practices
and chemical disinfectants in public spaces. Numerical simulations were carried out and
the significance of the fractional order from the biological point of view was established.
By applying shedding effect control, it was clear that while the population of susceptible
individuals is increased, the populations of exposed and infected individuals are drastically
decreased.

The public must follow the government rules or public health care policies to mitigate
the spread of the virus. The limitation of this work lies in the absence of more reliable data.
This is because more accurate data is needed to obtain better prediction.
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We recommend that the fractal approach be used in future to consider the analysis of
the model.
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Abstract: Two main topics are addressed in the present paper, first, a rigorous qualitative study
of a second-order reaction—diffusion problem with non-linear diffusion and cubic-type reactions,
as well as inhomogeneous dynamic boundary conditions. Under certain assumptions about the
input data: g, (t,x), g, (£ x), Up(x) and {o(x), we prove the well-posedness (the existence, a priori
estimates, regularity and uniqueness) of a solution in the space W;’Z(Q) X W;’z (X). Here, we extend
previous results, enabling new mathematical models to be more suitable to describe the complexity
of a wide class of different physical phenomena of life sciences, including moving interface problems,
material sciences, digital image processing, automatic vehicle detection and tracking, the spread
of an epidemic infection, semantic image segmentation including U-Net neural networks, etc. The
second goal is to develop an iterative splitting scheme, corresponding to the non-linear second-order
reaction—diffusion problem. Results relating to the convergence of the approximation scheme and
error estimation are also established. On the basis of the proposed numerical scheme, we formulate
the algorithm alg-frac_sec-ord_dbc, which represents a delicate challenge for our future works. The
benefit of such a method could simplify the process of numerical computation.

Keywords: boundary value problems for non-linear parabolic PDE; fractional step method; convergence
of numerical methods; numerical algorithm; error analysis; dynamic boundary conditions

MSC: 35K55; 65N06; 65N12; 65YXX; 80AXX

1. Introduction

Considering the following non-linear second-order reaction-diffusion problem:
d .
P, gll(t, x) — p,div (K(t, x, U(tx)) VU(t, x))

= p, {U(t,x) — U?’(t,x)} +p,8,(t x) in Q

)

on X%

0 0
Pzgu_"pl EU_AFU_pru:gfr(t’ x)

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.

(0, x) = Uo(x)

This article is an open access article

distributed under the terms and

time interval, Q = (0, T] x ), £ = (0, T] x 0Q) and:

te (0,T], x=(x1,...,xn) € Q;
P., Pas Psr Ps and p, are positive parameters;

conditions of the Creative Commons
Attribution (CC BY) license (https:// b
creativecommons.org/licenses /by / d
4.0/).
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U(s,-) (Us in short) is the partial derivative of U(s, -) (U in short) relative to s €

(0, T};

e U(s,y), (s,y) € Q,is the unknown function (the order parameter in Q, for example).
VU(s,y) = Uy(s,y) (VU = Uy) denotes the gradient of U(s,y) iny,y € Q) (see [1-3]
for more details);

*  K(s,y, U(sy)) is the mobility (attached to the solution U(s,y), (s,y) € Q, to Equation
(1)) (see [2—4] for more details);

* g,(s,y) € LP(Q) is the distributed control (see Remark 1 below), where

9
ds
0,

p>2; ()

1-Lo2-1
* 85y EW, #"" 7(%) is the boundary control (see Remark 1 below);

2_2
o Uy e Wy " (Q) verifying
2]
PZ%UO =AU +p,Up = gfr(o’x);
e n=rn(x) has the same meaning as in [5];
A, has the same meaning as in [6];

Remark 1. The given functions g, and g, in (1), can be interpreted as distributed and boundary
control, respectively, opening a large field of applications for the non-linear second-order problem
(1), such as optimal control.

For convenience, let us write (1) in the following form

d d
P Ut x) - 3t [K(t, X, U(t,x))uxi] Uss,

- A(t, %, UL x), Uxi(t,x)> +p, [u(t,x) W, x)} +p.g,(Lx) inQ

3)
0 0
pZa—nU—i-pl&U—AFLH—p,Uzgﬂ(t,x) onX
u(0,x) = Up(x) on (),
92 ..
where uxm = WU(t,x), i,j=1,...,n,and

d d .
A(t,x, Ut x), Uy, (t,x)) = w(K(t, X, U)Uxi)llxi+$(1<(t, x, WUy,), i=1,...,n. (4
1

As in [1-3,5-9], we recall that Equation (1); is a quasi-linear one, i.e.,

ai(t,x, U(t,x), Uy(t,x)) = K(t, x, U(t,x)) Uy, (t,x), i=1,...,n

and
a(t,x, U(t, x), Us(t,x)) = —p, [u(t,x) — Bt x)} —p.g,(tx).

On the other hand, the problem in (3); is similar to in [10] (p. 3, relation (2.4)), where,
fori=1,...,n,

aij (£, %, U(t,x), Ux(t, %)) :%ai(t, x, U(t x), Uy (t,x)) = ag,_ (Kt Ut 2) Uy (t,3)],
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and

a(t,x, U(t,x), Uy(t,x)) = —A(t,x, U(t, x), Uy (t,x)) — p, [U(t,x) U, x)] —p.g,(t ),
while (3); are of the second type, namely

%u(t, x) = a;j(t, x, U(t, x), Ux(t, x) ) U (£, x) cos a;,

and 3
l/)(trxru)‘z:p1&u_Aru+ptu_gfy(t1x) ©)

(see [10] (p. 475, relation (7.2))).

Moreover, we consider that Equations (1); and (3); are uniformly parabolic, i.e.,

v (U < aazjaz«s,y,u<s,y>,z<s,y>>aiz;j <, (U2 ©)

for arbitrary U(s,y) and z(s,y), (s,y) € Q,and { = ({1, ...,{x) for an arbitrary real vector
(see [5] for more details).

Equation (1); was initially introduced by Allen and Cahn (see [5,11] and references
therein) to describe the motion of anti-phase boundaries in crystalline solids. In fact, the
Allen—Cahn model is widely applied to moving interface problems, such as the mixture of
two incompressible fluids, the nucleation of solids, vesicle membranes, etc. Furthermore,
the non-linear parabolic Equation (1); appears in the Caginalp’s phase-field transition sys-
tem (see [2-9,11-22]), describing the transition between phases (solid and liquid) (see [17],
for example).

In the present paper we investigate the solvability of boundary value problems of
the form (1) or (3) in the class W;’Z(Q). The new model expressed in (1) stands out by
the presence of parameters p,, p,, p,, p., P,» K(s,y,U(s,y)), and (s,y) € Q, the principal
part being in the divergence form and by considering a non-linear reaction term (see [5,11]
and references therein). The most important aspect in our paper concerns inhomogeneous
dynamic boundary conditions. Thus, we more precisely define the significant aspects of
the physical features. In this regard, we advise applying (1) or (3), to the moving interface
problems (see [5,7,8,11-15]), anisotropy effects (see [3-6,9,11,16-22]), image de-noising and
segmentation (see [2,4] and references therein), etc. Let us point out that the following
assumption is satisfied (see [20]):

Ho: (U—-U®)UuPr—u <1+ |UpPr-t—upr.

2. Results—Theorem 1

In order to approach the problem in (3) (or (1)), we use the same ideas as in [1,6,7,9].
In this respect we introduce a new variable {(t, x) = U(t,x), (0,x) = Up(x) on T (see [10]
(6.2)). Correspondingly, (3)2 is approached in the following

Uuf(t,x) =¢(t,x) on ¥

0 d
P2$U+P1§€(t,x) — A(tx) +p,G(E x) :gfr(t’x) on X )
(0,x) = Go(x) xel.
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Accordingly, the non-linear second-order boundary value problem (3) can be written
suitably as follows

d d
Pia; Ut x) - Pt [K(t, x, U(t, %)) Uy (¢, x)} Usx,

—A (t, x, U(t x), Uy (t, x)) +p, [u(t,x) w3, x)} +p.g,(tx) inQ

U(t,x) =1((t, by
(t,x) =¢(tx) on ®
d d
pz$u+p1aC_ArC+pt€:gf,(trx) on X
U(0,x) = Up(x) on )
2(0,x) = Go(x) x €T,

2

where A(t, x, U(t, x), Uy, (t, x)) is defined by (4), Up(x) = {o(x) onT and o(x) € WOZO_Z (T).

Definition 1. Any solution (U(t,x),{(t,x)) to problem (8) is called the classical solution
if it is continuous in Q, with continuous derivatives Uy, Uy and Uyy in Q and {t, {x, and {xx in L,
satisfying Equation (8) at all points (t,x) € Q and satisfying conditions (8)y_3 and (8)4_s on the
lateral surface X of the cylinder Q for t = 0, respectively.

Our main results regarding the existence, uniqueness and regularity of solutions to
problem (8) (the well-posedness of the solutions to the non-linear second-order boundary
value problems (1) or (3)) are presented below.

Theorem 1. Suppose (U(t,x),{(t, x)) € C12(Q) x CY*(X) is a classical solution to problem (8),

and for positive numbers M, My, my, My, My, M3, My and Ms one has

L. |U(t,x)| < M forany (t,x) € Q and for any z(t,x), the map K(t,x,z) is continuous,
differentiable in x, where its x-derivatives are bounded, satisfy (6), and

0 < Kpin < K(t,x,U(t,x)) < Kpax, for (t,x) € Q, 9)

Z{mi(t,x,U(t,x) z(t, x))|+‘£l (t,x,u(t,x),z(t,x))H(1+|zy)

i=1
(10)

HU(t )| < Mo(1+[2]).

+Z

z]l

i(kx, Ut x),z(t, x))

I,.  Forany sufficiently small € > 0, the functions U (t, x) and K(t, x, U(t, x)) satisfy the relations
U] 50) <M, [K(t x, Ut X)) Uz || o) <My, i=1,...,m,
where
[max{pd} pA4 | [maxip2} p#2
C 4+e¢ p=4 | 2+¢ p=2

2_2 22 1-L2-1
Then, when Vg, € LF(Q), Uy € Weo "(Q), Go(x) € Weo "(T), g, € W, 7 7(Z),

with p # 3, there exists a unique solution (U, {) € W,l,’z(Q) X W,l,’z(Z) to (8) which satisfies
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Ul + 1212,

3p-2 3p—2

P P
- r) + ||UOHL3;772(Q) + ||g0HL3p72(r)

SC{l—FHUoH » 2 Gl -
W ¥ (Q) W

2
(<] oop(

(11)

3p-2 Sp—2
+||g’7lHL3};*2(Q) + ||g r”LS,;HZ(Z) =+ ||gfr|| 17ﬁ,2—%( )}’
Wp ¥

where C > 0 does not depend on U, ¢, g,, or S
If (U, ¢Y) and (U?,(?) are solutions to (8) which correspond to (U3, L), (U3,C3) €
2 2

2-2 2-2
Weo "(Q) x Wy P(T), g;, gdz, g}r and g)%r, respectively, then

1 2
”u ”w;/Z(Q)' ”u HW;J(Q) < My, (12)
1 2
Hg HW;’Z(Z)’ Hé ”W;/Z(Z) < Ms, (13)
and the following holds
max |U'—U?| + max |g' — 7|
(tx)eQ (tx)ex
< C1eCT { ul — 2|, 1_ 72
< Gremmax J’;?g& 0 0l (ﬂ?grwo Zol (14)

1.2 12
Jnex 18, — &1, (ax, 185, — &, }
where C; > 0and C > 0, do not depend on {Ul, Cl,g;, g}r, U&, g(l)} and {Uz, gz,gf,g?,, Ll%, é%}.
In particular, the uniqueness of the solution to (8) holds.

As far as the techniques used in this paper are concerned, it should be noted that we
derive the a priori estimates for L¥(Q) and L”(X). Moreover, basic tools in our approach
are:

e the Leray-Schauder degree theory (see [15] (p. 221) and reference therein);
e the L? theory of linear and quasi-linear parabolic equations [10];
e  Green’s first identity

—/ydivzdx:/Vy~zdx—/ya%zd'y,
Q Q o0}

(15)
—/yAzdx:/V%Vzdx—/ya%zd'y,
Q Q 00

for any scalar-valued function y and z in a continuously differentiable vector field in n
dimensional space;

e the Lions and Peetre embedding theorem [1] (p. 100) to ensure the existence of a
continuous embedding W;'Z(Q) C L*(Q), where the number y is defined as follows
(see (2)

any positive number > 3p  if l — ni+2 <0,

U= (16)
plnt2) if - 250
n+2-2p p n+2" 7
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For a given positive integer k and 1 < p < oo, we denote by Wg’Zk(Q) the Sobolev
space on Q:

WE(Q) ={y e LP(Q) : oo € LP(Q), for 2i+j < 2k
Q= "ot ov Y e
i.e., the spaces of functions whose {- and x-derivatives up to the order k and 2k, respectively,

belong to L7 (Q). Furthermore, we use the Sobolev spaces W;',(Q) and Wp% *(2) with the
non-integral 7 for the initial and boundary conditions, respectively, (see [10] (p. 70 and 81)).
Furthermore, we use the set C1*(D) (C?(D)) of all continuous functions in D (in
D) with continuous derivatives u;, iy, and uy, in D (in D) (D = Q or D = X)), as well as
the Sobolev spaces W]f (Q)), and W,f’e/ 2(%) with non-integral / for the initial and boundary
conditions, respectively (see [10] (p. 8, p. 70 and p. 81)).
In the following we will denote by C some positive constants.

3. Proof of the Main Result — Theorem 1

We consider B = Wg’l (Q)NL3(Q) x LP (L) as a suitable Banach space, with the norm
I - ls expressed by

(e, @) 8 = ll9llr@) + loxllro) + 12l ).
and a non-linear operator H : B x [0,1] — B defined by
(U,0)=H(p,9,2)=U(p. @A), 5(9,9,A) V(g 9)€B, VA1, (17

where (U(¢, @, A), (¢, $,A) is a unique solution to the following linear second-order
boundary value problem

0 0 '

P U—p /\@(K(t/ X, @) 9x;) —(1-2)5] U,
:A{A(t, X, @, ¢x) +p, [0t x) — ¢ (1, x)] + Psgd(t,x)} in Q

U(t,x) =C(tx) onX (18)
u(o,x) = Alp(x) on ()

0 0
p2$u+p1§€_Afg+pt€:/\gfr(t’x) on X
2(0,x) = Ao(x) xel.

Remark 2. The non-linear operator H in (17) depends on A € [0, 1] and its fixed point for A =1
is a solution to problem (18).

Proof. We now prove that the non-linear operator H, defined in (17), is well-defined,
continuous and compact.

From the right-hand side of (17)y, it follows that, V(¢, $) € B, then ¢* € LP(Q) and
thus A(t,x, ¢, ¢x,) +p,[p(t,x) — ¢°(t,x)] + p.g,(t,x) € LP(Q). Using the L? theory of
linear parabolic equations (see [10]), the solution (U, () to problem (18) exists and it is
unique with

(U, Q) = U(e, ¢,A),0(0,9,A) €B, Y(p,¢) €B,VA€01]. (19)
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Using the continuous inclusions (see [6])

W,y*(Q) € BC LP(Q)

(20)
Wy2(Z) C LP(2),

we obtain H(¢,$,A) = (U,{) € Bforall (¢,p) € Band ¥V A € [0,1], meaning the
non-linear operator H is well defined.

Now, using the ideas from [1-7,9,16,20], let ¢" — ¢ in Wg'l (Q)NL3%(Q), ¢" — ¢ in
LP(X) and A" — Ain [0, 1]. Using the notations

(un,)mlgn,/\,,) _ H((Pn/ (P"’/\”)/
(U™, ") = H(g", ¢, A),
(U, ¢*) = H(g, ¢, A),

we obtain

An A An A
[|u" u" HW;/Z(Q) +||" z" ||W;,z(2) — 0 forn — oo (21)

and
7 = 1 a2 + 187 = Pllypage) =0 forn - e 22

The continuous embedding of (20), (21), and (22) allows us to derive the continuity of
the non-linear operator H, introduced in (17). Furthermore, H is compact, easily written as

B x [0,1] = Wy*(Q) x Wy*(Z) — B = Wy (Q) N L (Q) x LF(X),
where the second map is a compact inclusion (see [1] (p. 100)).
Next, we look at a positive number R, such that (see (17))
(U,,A) € Bx[0,1] with (U,{)=H(U,{,A) = |[(U,Q)|s<R. (23)

The above expression (U, ) = H(U, {, A) can be written as (see (1), (8) and (18))

pl%U—Apzdiv(K(t, x, u)vu) — (1= A)p,AU

=) {pr [U(t,x) — U3 (t,x)] + psgd(t,x)} in Q

U(t, x) = g(i’, x) on X (24)
U(0,x) = Alp(x) on ()
d d
P2$U+pl gg_Arg_Fptg:Agﬂ(t/x)] onX
¢(0,x) = Ago(x) x eT.
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Multiplying (24); by |U[’P~*U and integrating over Qs := (0,5) x Q, s € (0,T],
we obtain

P /|U(s,x)|3”_2 dx
@)

3p—2

“Ap, /div(K(T, X, U)VU ) [UP?~*U drdx

Qs

' (25)
—(1-A)p, / AU UPP—4U drdx
Qs

:/\pr/[ll('r,x) — WP (r,x)||UPP*u dex+/\ps/gd(T,x)|U|3p*4U dtdx.

Qs Qs

To process the terms

/div (K(z,x, uyvu) [upPr-*udrdx
Qs
and
/ AU |UPP~*Udtdx, in (25)
Qs

we use Green’s first identity (15); and (15),, respectively, to obtain
“Ap, / div (K(r,x, U)VU ) U~ drdx

:/\pZ/K(T,x,U)VU-V<|U|3p’4ll) dex+A/|U|3p’4U (—pZ%U) dtdy,
Qs s

—(1-A)p, / AU [UPP—4U drdx

» 2 3p—4 3p—4 d (27)
- (1—)\)3(p—1)p2/|VU| B drdx+(1—)\)/|u| P (< py U ) drdy,
Qs s
where s = (0,s) x 9Q), s € (0, T] and

0 0
_pzﬁu = p1gC_ArC+pr€_/\gfr

(see (24)4).

Combining the above equality with the boundary condition in (24),, the left inequality
in (9), and the relations (26), (27), and (25) leads us to the following inequality
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Py / 3p-2 P: / 3p-2 _ P / 3p-2

—l—/\pz/K(T, X, U)VU - v(|u|3Hu)drdx+(1—A)3(p—1)p2/|VU|2|u|3Hdrdx
Qs Qs

+Apt/\é(r,x)|31’*2 drd7+(1—)\)p,/|g(r,x)|3P*2 dtdy
PN PN

+A / V(2P - g drdy + (1 - A) / v, (I2P72) - v, drdy
s s

P1 / 3p—2 P1 / 3p-2
< LS S
_/\3;9—2 |Uo(x)] dx+3p_2 |Co(x) [P~y
0 T
+Ap, /[U(T,x) — WP (7, x)]|UPP~*U drdx
Qs

+Ap, /gd(f,x)|U|3p*4U d"rdx—l—/'\/gf,,(r,x)|ll|3p*4u dtdy
Qs Z

(28)

for all s € (0, T]. The last two terms in the above inequalities can be manipulated via

Holder and Cauchy’s inequality giving us the following estimates

a. /\ps /gd(T/x)|U|3p_4Udex
Qs

(Bp—2)—1 32 / S 1
< 2L 7 " e3p3 p -
€33 [|U]PP~“dtdx + Ap, 32

- 3p-2 .
P Q Qs

b. A / 8,0 (T, )| U~ Udwdy
Xs

1

< Bp—2)—-1
- 3p-2
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Due to the inequalities a. and b., from (28) we obtain

3;7 7 /|st|3fk2dx+/|§sx|3p 2dy

—i—)tpz/K(T,x, u)vu.v(\uPHu)dnzx+(1—A)3(p—1>p2/|VU|2|u|3me

Qs Qs

+Ap, / U (7, x)[? drdx
Qs

p [ 1e(e )2 vy + [V (16P7°) - Vo2 drdy
s s

[ to(r-2ax+ [ §o(x)|3p2d7]
Q I

— — 3p—2
+[/\pr + (3’;;7_2)21@53} [ Ut fr-2drds
Qs

P1
3p—2

_’_M 3p— 3/|uTx |3I7 Zd'['dx

3p—2
L ] 1 on TS Sl PR e 1eN
ps 3P 2 gd L3p— Z(Q 3P_2- 13r—2

foralls € (0, T].

In particular, it follows that from (29) we obtain

Jluts,x)Pr2ax 4 156,012y

Q T

3p—-2 3p—2

3p-2 3p—2
< Co[IUs ()13, 5 ) + 180 () 135 )

L3r— 2 + HgdHLSp 2 + ||g rHLSp 2

t
+Co/ /|U(T,x)|37’*2drdx+/|§(T,x)|3p’2d'y dt
0 r

where Cy = C(|Q, |T'|, p, p,, P, P,/ Ps» P ), In conjuction with (24),.
By Gronwall’s lemma and owing to L3’ ~2(Q) C LP(Q), from (30) we obtain

(o T

< o, Go) U3 g + 12152 )

L3r— 2 L3r— 2

3p—2 3p—2 3p-2 3p-2
S C(T/C0)|:||u0(x)|‘L€p—2(0)+||€0(x)||L’3)p—2(r)+”gd||L§p 2 +Hgf"||L§V 2 )]
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Having established an estimate for || U||3p o+ I H3p >

139-2(Q) 130-2(x) (see (31)), we now return
to the relation in (29) to derive the following estimate:

Ap Ul

(32)
3p—2 3p—2 3p—-2 3p—-2
S C(T/CO)|:HUO<'X)HLI3JP 2 +||€0 ||L§p—2(r)+||gd”L§p 2 +Hg r”Lgp 2 )]
where the boundary condition in (24); is also used.
Applying Lemma 7.4 in Choban and Morosanu [1] (p. 114) to the linear inhomoge-
neous problem (24) with
fz=A{p, [U(t,x) - U3t x)] +p.g,(tx)} € LP(Q) and
83 = /\gfr (t,x) € LP(E),

we obtain

||UHW;2(Q) + ||€“W;r2(2)

< C1{||U0||Wi§(0) + ”gonfJ’Z’(r) +184llr ) + 18, v (=

(33)
47, [l + 1UP ) |
for a constant C; = C(n,C(T,Cp)) >0
Now using (31) and (32), (33) then becomes
HUHW;Z(Q) + ”é”w&%z)
3p—2 3p—2
<Ci1 U U ;
= l{ + H OHWOZO_;Z’(Q) + HgOHWOZO—%( )+ H 0||L3p 2 + ||€0||L37’ 2 ) (34)

3p—-2 3p-2

Hall o2 18,0 Az + I8alloiy + I8 ,mm},

The inclusions in (20) guarantee that

Ullero) + Ilere) < C(MWlyrz o + 1822,

where, thanks to (34), we may conclude that a constant R > 0 exists such that the property
in (23) is true.

Denoting BE := {(U, 0)eB: |(UQ]B < R}, relation (23) implies that

(U,z,A) # (U,0) Y(U,Q) € 9BE, VA €[0,1],

provided that R > 0 is sufficiently large. Furthermore, following the same ideas

in [1,3-7,16,20], we can conclude that problem (8) has the solution (U, ) € W;’Z(Q) X
W2 (5).

Making use of the embedded L3~2(Q) C LP(Q) and the estimate (34), it follows that
(11) and this completes the proof of the first part in Theorem 1.

94



Axioms 2023, 12, 406

Proof of Theorem 1 Continued

In this subsection we demonstrate the second part of Theorem 1 which entails checking
(14) and thus the uniqueness of the solution to (1) (or (3)). We consider U, ¢l and (U2, 2?)
as in the statement of Theorem 1. From the first part we know that U', U? € er,’z (Q) and
', (%> € Wy*(Z). Therefore, U = U' — U? € Wy*(Q) and Z = ¢! — (% € Wy*(Z).

Following [1-3,5-7,16,20], the increments of 4;; and A (see (4)) can be written in the
following form

1
d
al](sxu U)—al](sxll u?) :/—/\ stAU’\>d
0
P d
Als, x, ul,u}c) — A(s, x, uz, U,%) = /ﬁA(s,x, ut, UQ)d/\
0
and so
uij(s, x, UL, U}C)U)}ixj — a,-j(s, x, U?, U,%)Ufixj
1 (35)
= aij(s,x, UL, UL, { / al] 5,x, U%, uA)d/\}uxi,
Fa
A(s,x, UL UL) — A(s, x, U2, U2) = / CA(sx UM B, (36)
J oug
where
aij(s, x, ug,up) = BU)‘ {K(s,x, U)‘)UQI},

As,x, UM UR) = a;(s,x, UM UYL), a (s, x, U?, Ufc‘) = % {K(s, X, UA)UJ)C‘I}
1

U (s, x) = AU (s, x) + (1 — A)U?(s,x) and
UL (s, x) = AUL(s, x) + (1 — A)U2(s, x).

Subtracting (3) for U?(s, x) from (3) for U!(s, x) and using (35) and (36), we obtain the

following linear parabolic problem with inhomogeneous dynamic boundary conditions,
ie.,

pl% —ajj(s, x)AU = —a;(s, x) VU — p2U+ps(g gd) inQ
U(s,x) = Z(s,x) on X
(o, x) = (Us — Ug)(x) in O (37)
pliu+p232—Arz+p,zzg1 - & onX
on ot oo
Z(0,x) = (25 — 5§) (x) onT,
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where

a;i(s, x) = a;i(s, x, ut,ul),

1 1
] d 0
A — _1J2 . A qA v v AN TA
a;(s, x) uxl‘x}' 0/ au,éj ajj (S,x,ll ,Ux)d)L+O/ au%j o, [K(s,x,u )Uxi}d/\.

Next, following the work of A. Miranville and C. Morosanu [3], we easily deduce the
validity of the estimate in (14); thus, the uniqueness of the solution to (1) or (3) is true. [

Corollary 1. Corresponding to U} = U3 and T} = {3, the problem (1) possesses a unique classical
solution.

4. Approximating Scheme—Convergence and Error Estimate

Here we use the fractional steps method in order to approximate the unique solution to
problem (8) with inhomogeneous dynamic boundary conditions (see Corollary 1). Precisely,

Ve>0, let My = {ﬂ and
Qf =ie, (i +1)e] x Q, X =ig,(i+1)g] x0Q i=0,1,---,M—1,

with Qf 1 = [(Me —1)e, T] x Q, X3, | = [(Me — 1)¢, T] x 9Q). Correspondingly, we link
the following numerical scheme with problem (8)

pl%llE — pzdiV(K(t, x, U°) VLF) =p,U*+p,g,(t,x) in Qf
a € a € € € &
Pap U+ p 58 = AL+ p Lt =g, (1) on X (38)
U*(ie, x) = z(e, UE (ig, x)) on O
C(ie, x) = Ut(ie, x) on 9Q),
with z(e, U (ig, x) ) being the solution of Cauchy problem:
Z(s)+p22(s) =0 se]0,¢
z(0) = U (ig, x) on )
(39)

Ut (0,x) =Up(x) on Q

Ut (0,x) = go(x) on 9Q,

where U? stands for the left-hand limit of U°®.

For a detailed discussion regarding the importance of the above numerical scheme we
direct the reader to the works [5,9,11-14,17-19,22,23].

The main question of this work concerns the convergence as ¢ — 0 of the sequence
(UF, ¢) of the solutions to problems (38) and (39), and to the solution (U, {) of problem (8)
(see [11] for more details).

For simplicity, we note:

W, = L*([0, T; H'(Q)) NL®(Q) and W, = L*([0,T]; H'(9Q)) NL¥(%).
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Definition 2. By a weak solution to problem (8) we refer to a pair of functions (U, ) € W, x Wy,
and U = { on L, which satisfy (8) in the following sense:

n [ (;’tu,cpl) dtdx -+ p, [ K(t,x,U)VU - Vor dtdx
6) Q

+p2/ (;tg,cpz) dtd7+/V§V¢zdtd’r+i’t/€4>2dfd7
J 4 5 (40)

=p, /(U—U3)q>1 dtdx+ps/gd¢1dtdx+/gﬁ¢2dtd'y
Q Q b

V(¢ ¢2) € L2([0, T]; H'(Q)) x L2([0, T]; H'(I)),
where g1 = ¢p on L, and U(0,x) = Up(x) on QL
Definition 3. By a weak solution to problems (38) and (39) we refer to a pair of functions

(Us,z8) e Wae x Wse, and U; = {5 on X5, i € {0,1,..., M, — 1}, which satisfy (38) and
(39) in the following sense:

(T p—
Q Q

wp, [ (606 ) dedr + [ Vevediay+p, [ceadiy
£ > z (41)

:pr/uegl dtdx+ps/gd§1 dtdx+/gf,§2dtd7
Q 0 £

¥(§1,62) € L2([0, T, H (Q)) x L*([0, T]; H' (202)),
where U (0,x) = Up(x) on Q, and U (0,x) = {o(x) on 9Q).

In (40) and (41) the symbols [ and | denote the duality between L2([0, T]; H}(Q2))
Q b
and L%([0, T]; H'(Q)’) as well as L?(]0, T]; H'(9Q2)) and L?([0, T]; H'(9Q))"), respectively.

Convergence of the Numerical Schemes (38) and (39)

The purpose of this subsection is to prove the convergence of the solution to the
numerical scheme associated with the non-linear problem (8). Therefore,

_2
Theorem 2. Assume that Uy(x) € W 2 (Q)), satisfying p, a%uo = ApUo+p,Uo = g, (0,x) on

1

1-4L -1
0Qand g, (s,x) € W, P (%). Let (UE, £®) be the solution to the numerical schemes (38) and (39).
As e — 0, one has

(UE,¢) — (U*,7*) strongly in L*(Q) x L2(dQ) for any s € (0,T], (42)
where (U*,¢*) € L2([0, T); H'(Q)) x L?(]0, T]; H'(3QY)) is a weak solution to problem (8).

The following lemmas, which involve the Cauchy problem (39), are very useful in the
proof of Theorem 2. These were proven for the first time in [11]. Here, we reproduce them
as well as sketch out the proof when pertinent.
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Lemma 1. Assume U (ie,x) € L*(Q),i=0,1,..., M, — 1. Then, U*(ie, x) € L*(Q) and

IUE (i, 2) 172y < IUZ (e, 1) 172 y- (43)

!/
Proof. We write (39); in the form (212) = p,, and following the same reasoning as in [11]

we obtain
2% (e, U (ig, x)) < UF (ig,x)?, a.e x € Q. (44)

Owing to (38)3 and (44), we can easily conclude the inequality complete in (43). [
Lemma?2. Fori=0,1,..., Mg — 1, the estimate below holds
VU (ie, x) || 2y < IVUE (i€, %) 12y (45)
Lemma 3. The following estimate holds
1z(e, x) = UE (ie, x)|[ ;2(q) < €L (46)
where L > 0 depends on |QY], UL [|;~(q) and p,.

Now, we are in a position to give the proof of Theorem 2. Following the same steps
as in [11], we obtain the solution to problem (38) as (U¢, (%) € W;'Z(Qf-) N L*(Q5) x
Wy (Z5) NL®(%$), Vi € {0,1,..., M, — 1}.

Next, we give a priori estimates to Qf, Vi € {0,1,..., M — 1}. Firstly, we multiply (38);
by U; and obtain

po [ \UiPax -+ p, [ IciPay
Q r

d 1d
€ €2 - €12 €12
Q/ (t, 2, U5) 2 [ VU [Pdx + Zdr/VCId7+2dt/|€|dv (47)

N\"ﬁ

—Zﬂ/w%M+/&aw+m/&mm

Using Holder’s inequality for the right-hand terms [ ¢ 1 Cidyand | g, Us dx, we have
r Q

/gfrétd7< pl/létlzdv+7/|gf,l2d%

/ammsﬂ/wﬁ P [ 1,2 dx,
2 2 2p,
Q
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and substituting them in (47), we derive

usPax+ B2 [ jeiPay
Q T

& i/ €)2 77/ €)2 / 62
+2K’”l”dt0‘vu|dx+2dt |v€|d7+2dt 1y (48)

o [uepax+ o [1g,
0 2P T

where the inequality (9) is also used.
Multiplying (38); by ﬁug as shown above, we obtain
1

- % £2
2p2dt/‘ +2 dt/'“

+pl K(tx, u€)|vu€|2dx+f/|v (<2 + P /|g€|2d7 19)
1 1 2

<

N\"S

_ 1 /\u€|2dx+i/gf,g€d
P, ) pips )

In addition, using Holder s inequality for the right-hand terms [ ¢ G dyand J g, Utdx,
r Q

Ps /gdugdx.
P22

we have

P, P>

ps / € €2 ps 2
g, Ufdx < /|U|dx+—/|g|dx,
pipa ) b2 ) P2 )

and then from (49) we obtain

- % 52
2p2dt/| +2 dt/|C|

1
€ < pt / 82 + / 2d ,
/gf,é 7 < |17 dy 2, ) 185, ° dy

1 1
LK ~/vu€2dx+—/v £124
P, me | | P, J | 1"€| Y (50)

Clppipyp) | [1UPax+ [15Pdy+ [ g, Par+ [ 1g,Pdx|,
Q T r Q

where the inequality (9) is also used.
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Adding (48) and (50), we obtain

a1
. [2/|U€|2dx+ (”’ TS >/|g P+ B2 Ko |vu€|2dx+2/|vrg 2dx]
p) J

Koi 1
+ 0 [uiPax+ B [ igiPay + 2 [|vustax+ - [ 1905y
2 Q 2 F pl Q pl T

Clprpopupe)| [1UPix+ [1eRar+ [lg, Pay+ [1g,Pax]
T T Q

Q

Integrating the preceding on Qf, we derive
1 € 2 P: €
o U )iy + (B I e,

P 2 1 2
+72Kmin|‘vus— (‘C'/x)HLZ(Q) + EHVFge— (S/x)HLZ(r)

8.
+
0

B [usPax+ B [1giPay+ <2 [ |vuax - [ 1905 Ray|ds
2/ 2 Pl P (51)

o 10l + (5457 ) ol + K9 Ul oy + 519l

€

+c<ps,pt,pl,pz>{ [ 1 B+ 1290 e | + g P + 2 B }
0

It is relatively easy to observe that the estimate above refers to Qf and X (i = 0).
Proceeding in a similar way fori =1,2,..., M — 2, we obtain

1 . 2 p 1 . 2
2y U G+ D0+ (5 + - )16 G+ Vel

€ ((+ 1 e ((z
B2 Ko I VU (4 1)e, ) B2y + V12 (G4 1, 1) B

(i+1)e
K, 1
- / [”1 U2 )+ B N g VU gy IV

(52)
1 €2 2 p 1 €+ 2
< g lUtie )y + (5 + 5 ) 180l

2

1 .
+ 22| VU e, )22 ) + 5 | V2 e, )

(i+1)e
+c<ps,pt,pl,pz>{ [ P 1 ey P e +||gd|L2(Qe}

ie
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while for i = M, — 1 we have

1 5 p 1
o U () By + (B + 5 I (T 0l

€ 1 €
22 Ko VU (T, ) By + 5 1908 (T, )

2
T
[ By + BN By + IV U B + o I9e 8 g | 4
M1
(53)
1 € 2 P: 1 € 2
< U0y + (B 5 I ) B
1
+ 22| VU (T, 0) ) + 5 VP8 (T, ) )
T
2 2
+c<ps,pt,pl,pz>{”/ [nuen oI r>]ds+|gf,|p%1>+|gd||Lz<%l>}-
1
Adding (51)—(53) and owing to the inequalities (43) and (45), we obtain
S IUE (T, ) 2 + Pt+L I165(T, %)}
2;72 L2(Q) 2p, L2(T)
+ B VU (T, )| ) + 5 190 (T, )2
2 —\4 LZ(Q) 2 re_\4, L2(T
’ 1 1
+ [”1 N 120y + B 15 12 gy + - IV UE 2 )+ == VG 2 |
0 pl pl
< g Il + (5 + 557 ) ol + 219Ul + 5190l
= 2P2 0llL2(0) 7 2 01L2(r) 0llr2(0) Is0li2(r)
T
c<p5,pt,pl,pz>{ [ 1 B+ 16 B e+ g ey + |gd||i2(Q)}.
0
Applying the Gronwall inequality to the above inequalities, we finally deduce
T
/{”UfH%Z(Q) + ||€f||i2(r) + ||vug||%2(g) + ||VF§S||%2(F)}dt <C, (54)
0
where C > 0 is independent of € and M;.
Owing to (38)3, (38)4 and (46), we obtain
M1
Y [[UF(ie, x) — UE (ie, x) || ;2(q) < TL = Cy, (55)
i=0
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M1
Y 118 (e, x) — T (i, %) | 2(ry < Co, (56)
i=0

where C; > 0and C; > 0 are independent of M, and e. Summing (54)—-(56), we derive

T

T T

VLU V22 U 2 0) 135 gy + VU By + IVl Jis < € 67)
0

T T
where the positive constant C is independent of M, and ¢, while \61 U¢ and \62 ¢ stand for

the variation of U¢ : [0, T] — L?(Q) and ¢ : [0, T] — L?(T), respectively.

Since the introduction of L2(Q) into H~!(Q) is compact and {U¢(s)} is bounded in
L%(Q) Vs € [0, T], we conclude that there exists a bounded variation function U*(s) €
BV([0, T]; H1(Q)) and subsequent U¢(s) (see [11]), such that

Ut(s) — U*(s) stronglyin H™1(Q) Vse[0,T], (58)

7¢(s) — ¢*(s) strongly in H Y(T) Vse€[0,T]. (59)

Further, from (57) we deduce that

Us — u* weakly in L*(0,T; HY(Q
{ yi ( (Q)) (60)

¢ — " weakly in L2(0,T; H(T)).
By the well-known embeddings H! (Q) C L?(Q) C H~1(Q),and H!(dQ) C L?(0Q)) C
H~1(3Q), standard interpolation inequalities (see [11] p. 17) yield that V¢ > 0, 3C(¢) > 0
such that
{IUS(S) — U (s) 2y < AIU(s) = U (3) [l 1) + CONU () = U™ () 5100y
18°(s) = &7 ()l 12a0) < AUS°(8) = () |1 aca) + CLONE(s) = " ()l 5-1a02)-
Ve > 0and Vs € [0, T], where C(¢) — 0as ¢ — 0.

Finally, relations (58)—(61) permit us to conclude that the assertion conducted in (42)
holds true, ending the proof of Theorem 2.

(61)

2_2
Corollary 2] Aslsume Uy € Woo " (Q), pZ%UO(x) — ArUo + p,Uo(x) = g,,(0,x) on 9Q and
1-L2-1
g, €Wp ¥ P(Z). Then U* € W,, is a weak solution to the non-linear problem in (1).

Now we search the error of the numerical schemes (38) and (39) relative to g, and ¢ e
1

1-L2-1
From Theorem 1 we know that Vg, € LP(Q) and g, € W, #"" 7 (%), the problem (8) has
a unique solution (U, () € W;'Z(Q) X W;'Z(Z). Moreover, (see (11))

” UHW;/Z(Q) + HCHW;Z(Z)
- (62)

<clieul’y, 1ol +lgl g e +ls, }
> 0 Wi_%(Q) 0 Wi—%(r) 84 L3r-2(Q) gfr W;72]7'27%(2) ,

. . 27; 27
with a fixed {p € We "(T') and Uy € Wy

8;,(0,x). Thus, we have

<IN

(Q) verifying p, 2 Uy — Arly + p,Uy =
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1

1—o, L2
Theorem 3. Letg, € LP(Q)andg, € W, g

1 1—L

P (%) Letgl C LP(Q)and g C W, ¥
1-L2-1

be two sequences such that g’; — g, in LP(Q) and g’f‘r — &, in Wy PP () ask — oo

Denoted by (U, {m) C Wy (Q) x Wy (Z) and (Uyg, Lmi) C Wy (Q) x Wy*(Z), the ap-

proximating sequences are given in (38) and ((39), for (g,, & fr) and ( gf, g’;r), respectively, with
2

22
Uy € We 7 (Q)) fixed. Then,

"(z)

lim sup {Ilum,k —Ullp2(g) + 1Cmk — Cllmz)]

m—r00

(63)

cT k k
< Ce max{ e 184 = 8als Jnax 185, —gf,}

Vk > 1, where C > 0 depends on |Q, T, n, p, p,, P, Pur P, P || Uoll 2,%( v 1&41lLr(q) and
Wi 7 (O

||gfr ||W;—21—p,27% (Z)

In particular, 3 (Uy, x, (), denoted by (Uy,, {m, ), such that (U, {m, ) — (U, Q) in
LP(Q) x LP(X) and in Q x X as k — oo.

Proof. Owing to (62) we assume that

” uk”W;/Z(Q) + ”ngW;Z():)

3_2
<Gyl [l f

3-2 r 3p—2 ‘
: Gl s gl 2y HISHI o
We 7 () We Q) ! w; %77 (5

’%(m (=

{ 3_2 3_2 3p—2
SCIT+(Woll 7y + ol s &l g ooy FUSHI misn )
W P () whrwy T T

where C > 0 is interpreted as My in (12). This ensures the applicability of (14) in Theorem
1 with U} = U and } = {3 obtains
”uk - u”w;/Z(Q) + Hgk - g”w}%z(z)
(64)

< C1eTmax{ max |¢F— , max ke , Vk>1,
<G { (t’x)eg\gd 84l (mezlgﬂ &l >

where C; > 0. For k > 1, Theorem 2 gives

(um,k(sr')/gm,k(sl') — (Uk(s,~),Ck(s,~)) in L2(Q) X Lz(aQ)/
uniformly for s € [0, T], as m — co. In particular, Yk > 1 we have

(U s Cmi) — (Uk, k), in L*(Q) x L*(E), as m —» oo. (65)
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On the base of the relation in (64) and owing to (20), we obtain

U g — Ull 20y + 1Gmx — Cllr2x)
< WUk = Uiell 20y + 18mk = Cillizwy + 1k — Ull 20y + 18k = Cllr2(x)

< Uk — Uklli2(g) + 118mk — Cilli2(x)

k
max — , Vm,k>1.
Lx)ex |gf, gfr} =

+C eCTmux{ max |~ — ,
1 t,x)EQ |gd gd‘ ( ’x)

Using (65) we can substitute the above inequality into the superior limit as m — oo to
prove that (63) is correct.
The last statement in Theorem 3 follows directly on from (63). [

The general frameworl of the numerical algorithm to compute the approximate solu-
tion to problem (1) via the fractional steps scheme may be demonstrated as follows:

Begin alg-frac_sec-ord_dbc
i=0 — Uy from (39)3;
For i = 0 perform M, — 1
Compute z(¢, -) from (39);
Ut(ie,-) = z(¢,-);
(ie, ) = Ue(ie, );
Compute (U*((i+1)e, ), ¢°((i + 1)g, -)) solving the linear system (38);
End-for;
End.

5. Conclusions

The main problem addressed in this work concerns the non-linear second-order
reaction—diffusion equation with its principal part in divergence form with inhomogeneous
dynamic boundary conditions. Provided that the initial and boundary data meet the appro-
priate regularity and compatibility conditions, the well-posedness of a classical solution to
the non-linear problem is proven in this new formulation (Theorem 1). Precisely, the Leray—
Schauder principle and L? theory of linear and quasi-linear parabolic equations, via Lemma
7.4 (see [1]), were applied to prove the qualitative properties of solution (U(t,x), {(t,x)).
More precisely, we cannot directly apply the L7 theory to problem (1) (or (3)). Thus, this
makes the result of Lemma 7.4 in Choban and Morosanu [1] (p. 114) very important. More-
over, the a priori estimates were made in L?(Q) and LP(X) which permit the derivation
of higher-order regularity properties, that is, (U(t, x),{(t, x)) € W;’Z(Q) X W;’Z(Z). Thus,
the classical method of bootstrapping (see Morosanu and Motreanu [20]) can be avoided.

Let us note that, due to the presence of the terms K(t, x, U(t, x)), the non-linear opera-
tor H (see (17)) does not represent the gradient of the energy functional. Therefore, the new
proposed second-order non-linear problem cannot be obtained from the minimisation of
any energy cost functional, i.e., (1) is not a variational PDE model.

Furthermore, an iterative fractional step-type scheme was introduced to approximate
problem (8). The convergence and error estimates were established for the proposed
numerical scheme and a conceptual numerical algorithm was formulated. In this regards,
we want to underline the solutions dependence in Theorem 2 on the physical parameters,
which could be useful in future investigations regarding error analysis and numerical
simulations.
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The qualitative results obtained here could be later used in quantitative approaches to
the mathematical model (1) (or (3)) as well as in the study of distributed and/or non-linear
optimal boundary control problems governed by such a non-linear problem.

Numerical implementation of the conceptual algorithm, alg-frac_sec-ord_dbc, as well
as various simulations regarding the physical phenomena described by the non-linear
parabolic problem (1) represent a matter for further investigation.
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Abstract: In this study, we present new variants of the Hermite-Hadamard inequality via non-
conformable fractional integrals. These inequalities are proven for convex functions and differentiable
functions whose derivatives in absolute value are generally convex. Our main results are established
using the classical Jensen—Mercer inequality and its variants for (1, m)-convex modified functions
proven in this paper. In addition to showing that our results support previously known results from
the literature, we provide examples of their application.

Keywords: convex functions; (h, m)-convex functions; Jensen-Mercer inequality; Hermite—Hadamard
inequality; Holder inequality, power mean inequality; non-conformable fractional operators
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1. Introduction

Jensen’s inequality is one of the most studied results in the literature. In the last few
decades, quite a few researchers have been interested in refining and generalizing this
inequality (see, e.g., [1-6]).

Let0 < x; <xp <... <xyand let wy (1 < k < n) be positive weights associated with
these x; and let their sum demonstrate unity. Then, Jensen’s inequality

< ) we®(x) @

n
2] Z Wi Xg
k=1 k=1

holds (see [7]).
Mercer investigated a generalized form of Jensen’s inequality, which is famously
known as the Jensen—-Mercer inequality (see [8]): if ® is a convex function on [p, 0], then

Qp+o—) wx | <P(p) +D(0) — ) wpP(xg) )
k=1 k=1

is fulfilled for x; € [p,0], wy € [0,1] with Y}, wy = 1. In case of n = 1, inequality (2)
reads as
D(c—x+p) <P(p) + D(0) — D(x) 3)

for x € [p, o]. Extensions of this result can be found in e.g., [9-11].
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The well-known refinement of Jensen'’s inequality, the Hermite-Hadamard inequality

o(E57) < 1 [ otwar < 2 .

for convex functions, was proved by Hermite in 1883 and independently by Hadamard in
1893; see, e.g., [12]. This inequality has been generalized by many researchers, taking into
account various aspects such as general convexity and fractional operators. For Hermite—
Hadamard—Mercer type results, see [13-18].

In general, the concept of convex and general convex functions plays a major role in
the theory of integral inequalities. So far, many general convex classes have been described
in the literature. A summary of many of these classes was given in [19].

Definition 1. Let h: [0,1] — [0,00), h % 0and ® : [ = [0,00) — R. If inequality
P(Ax+m(1—A)y) <h(A)P(x) +mh(1 —1)P(y) )
is fulfilled VA € [0,1] and x,y € I, where m € [0,1], then function ® is called (h, m)-convex on I.
In [20,21], the following definitions were presented.
Definition 2. Let h: [0,1] — (0,1] and ® : I = [0,00) — R. If inequality
P(Ax+m(1=A)y) < B (MNP (x) +m(1 -1 (A))P(y) (6)

is fulfilled YA € [0,1] and x,y € I, where m € [0,1], s € [—1,1], then function ® is called (h, m)
-convex modified of the first type on I and this set of functions will be denoted as K}lfn (I).

Definition 3. Let h: [0,1] — (0,1] and @ : I = [0,00) — R. If inequality
PAx+m(1—A)y) < I (A)D(x) +m(1—h(A))’P(y) (7)

is fulfilled YA € [0,1] and x,y € I, where m € [0,1], s € [—1,1], then function @ is called (h, m)
-convex modified of the second type on I and this set of functions will be denoted as Kiiﬂ([ ).

Throughout the paper, for (h, m)-convex modified functions of the first or, of the
second type, we assume that m € [0,1] and s € [—1,1].
The following results are extended versions of Jensen-Mercer inequality (3).

Theorem 1. Let @ : [ = [p, 0] C R — R be an integrable and (h, m)-convex function. Then, the
following Mercer’s type inequality holds:

D(x1 + mxy — x;) < (B(A) +h(1—A))[D(x1) + mP(x,)] — D (xx) (8)
for x1 < mxy, x; € [x1,mx,] C Iand A € [0,1], such that x; = Ax1; +m(1 — A)x,.

Proof. Putting x, = Ax; +m(1 — A)x, and yx = (1 — A)x; + mAx,, we have
Yk + X = x1 + mx,. Now, using the (h, m)-convexity of ®, we have
(1=2A)®(x1) + mh(A)P(xn),

P(yx) < h(1
(A)®(x1) +mh(1 — A)DP(xy).

<h
<I>(xk) < h

By adding the corresponding sides of the inequalities, we obtain
D(yi) + P(xr) < (R(A) + (1 = A))[@(x1) + mP(xn)].

From the above, the desired inequality (8) is easily obtained. [

108



Axioms 2023,12,517

Corollary 1. Let ® : [ = [p,0] C R — R be an integrable (h, m)-convex function. Then,
from (8), we have

D(xq +mxy, —x;) < Ao[CD(xl) + mq)(xn)} — O (xy) 9)

for x1 < mxy, x; € [x1,mx,] C Iand Ag = sup (h(A) +h(1—A)).
A€[0,1]

Remark 1. For m =1, Corollary 1 leads to a correct version of Lemma 3.1 of [11].

Theorem 2. Let ® : [ = [p,0] C R — R be an integrable and ® < K;{;([p, Z1). Then, the
following Mercer’s-type inequality holds:

D(xy 4 mxy —x;) < (B(A)+ 1 (1= A))®(x1) + (2 — hS(A) — B (1= A))m®(x,) — D(x)  (10)

for x1 < mxy, x; € [x1,mx,] C Iand A € [0,1] such that x = Axy +m(1 — A)xy.

Proof. The proof is analogous to that of Theorem 1. Taking x; = Axy + m(1 — A)xy,
Yk = (1 = A)x1 + mAx, and combining inequalities

P(yp) < B (1=A)P(x1) +m(1 =k (1= A))P(xn),
D(xp) < 1 (A)DP(x1) +m(1— k(1)) D (xn)

results in inequality (10). O

Corollary 2. Let @ : I = [p,0] C R — R be an integrable and ® € K}llfn([p,%}) Then,
from (10), we have

D(x1 + mxy — xx) < Aq[DP(x1) + mP(xp)] — P(xy)

for x1 < mxy, x; € [x1,mx,] C I and

A = max{ sup (W*(A)+h(1—-A)), sup (2—h*(A) —h*(1— A))}
A€[0,1] Ae[0,1]

Theorem 3. Let @ : [ = [p,0] C R — R be an integrable and ® € Kifn([p,%]) Then, the
following Mercer’s type inequality holds:

D(x1 +mxy —xg) < (BP(A) +h(1—A))D(x1)

11
(=B + (1= R = ) )md() — D) D
for x1 < mxy, x; € [x1,mx,] C Iand A € [0,1], such that x; = Ax1; +m(1 — A)xy.

Proof. The proof is analogous to that of Theorem 1. Taking x; = Axy + m(1 — A)xy,
Yx = (1 — A)xq + mAx, and combining inequalities

Pyx) <7 (1= A)P(x1) +m(1—h(1—A))P(xn),
D(xp) < 7 (A)D(x1) + m(1 —h(A)) D (xn)

yields inequality (11). O

Corollary 3. Let ® : [ = [p,0] C R — R be an integrable and ® € Kifn([p, Z1). Then, from
Theorem 3, we have

D(xq +mxy, —xp) < A2[<I>(x1) + mCID(xn)} — ®(xy) (12)
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for x1 < mxy, x; € [x1,mx,] C I and
A, = max{ sup (h*(A)+h(1—A)), sup (1 —h(A))°+ (1 —h(1— /\))S)}
A€[0,1] A€[0,1]

Remark 2. Form =s = 1and h(t) = t, we have A| = Ay = 1, moreover, Theorems 2 and 3 (or,
Corollaries 2 and 3) become the Jensen—Mercer inequality for convex functions (3).

Remark 3. Other variants of the Jensen—Mercer inequality (2), for different notions of convexity,
can be found in [16,22-25].

In the remainder of this paper, we aim to give generalizations of Hermite-Hadamard
inequality (4) via non-conformable fractional integrals defined by Ndpoles et al. in [26].

Definition 4. Let « € Rand 0 < p < ¢. For each function ® € L|p, o], we define

X
i) = [ e
u
for every x,u € [p,0].

Definition 5. Let & € Rand p < o. For each function ® € Ly[p, 0|, that is the linear space
Llp,o] = {®: [p,0] = R: (t—p)"@(1), (0 1) "@(1) € Lp, o],

let us define the fractional integrals

NS () :/px(xt)_“qD(t)dt and n,J*®(x) :/xg(t—x)_“dD(t)dt (13)

for every x € [p,o|. Here, for &« = 0, we have Na]z‘+<1>(x) =N, J5-D(x) = fp‘rd)(t)dt.

Definition 6. More details on the fractional integral and the corresponding fractional derivative
N3 can be read in [26].

Fractional differential and integral computations have been widely used in many fields
of applied sciences. The interested reader can read about the role of fractional calculus in
the study of biological models and chemical processes in [27-29].

2. Inequalities for Convex Functions

In this section, we obtain analogues of Hermite-Hadamard inequality (4) for non-
conformable fractional operators (13) using Jensen—-Mercer inequalities.

Remark 4. Ifin (2), we take n = 2 and wy = wy = %, then we have

) < ®@(p) + (o) - Olx) £ 2(y) ercb(}“). (14)

X1

o(o-L+p-3

Theorem 4. Let @ : [p,0] — R. If ® € Ly[p, 0] and ® is convex on [p, o], then

1—uw
. 1= 3]“_q>(x) + 3];(*'(1)(]/)
2(y —x)' [ A | (15)

< o(p) + o0 - o 1Y),

@(a—%%—p—%) < O(p) +P(0) —

where x,y € [p,0] and x < 1.
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Proof. If in (14), we choose x; = tx + (1 — t)y and y; = (1 — t)x + ty, and multiply by %,
then we can write the inequality

20 (o - % +p— g) F < 2D (p) + D(0)] — E D (tx + (1 — £)y) — £ 4D((1 — £)x + ty).

Now, by integrating the resulting inequality with respect to ¢ on [0, 1] and changing
the variable, we obtain

= ooV o2
(-3 +e-3)
1 1 1
<2[®(p) +<I>((7)]/ tdt — [/ D (b + (1 — t)y)dt+/ FAD((1 - t)x—l—ty)dt]
0 0 0
Y Y
_22(p) + 2(0)] ! — / (y—z) "®(z)dz —|—/ (z—x) "®(z)dz
1-a (y—x)" Ux ;
2[®(p) + @(0)] 1
B e [l @) + w T @(y)].
After dividing both sides of the last inequality by ﬁ, we get the left inequality
in (15).
For the proof of the second inequality of (15), keeping in mind that ® is convex, one
can write

cp(x;—y> :qD(tx—I—(l—t)y—;—ty—l—(l—t)x)
_ Ot 4 (1= Hy) + Dty + (1 = Hx)
- 2

By multiplying both sides of last inequality by t~* and by integrating with respect to ¢
on [0,1] and changing the variables, we obtain

! <1>(";y) < L [/xy(y—z)“d>(z)dz+/xy(z—x)”‘<1>(z)dz}

1—« —x)

By multiplying the last inequality by (« — 1) and adding ®(p) + ®(¢) to both sides,
we get the right-hand side of (15):

®(p) + () —@(x;y>

>®(p) +P(0) — 2(]/1__331_0( [/xy(y —z) " ®(z)dz + /xy(z —x) "®(z)dz
= ®(p) + (0) - 2@1‘)1 () + w0 (y)-

Thus, inequality (15) is proved. [

Corollary 4. For « = 0, under the assumptions of Theorem 4, we get

1
y—x

(e +0-3) <00+ 00) — 2 [T o < o(p)+ a0 - o *7Y)

forall x,y € [p,o|. This inequality was obtained by Kian and Moslehian in ([30], Theorem 2.1),
and by Ogiilmiis and Sarikaya in ([17], Remark 2.2).
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Theorem 5. Let @ : [p,0] — R. If ® € Ly[p, 0] and ® is convex on [p, ], then we have

of-10-3)

1_
< Z(y—x;cl“ [N3](ag,y+p)+¢'(0'_ X —I—p) + NS]‘(X‘Tierp)fCD((T —y'i-P)} (16)
RO T RO YHD) gy 4 (o) w,

- 2
where x,y € [p, 0] and « < 1.

Proof. To prove inequality (16), we use the left-hand side of (14) and choose
x1 =tx+ (1 —t)y, y1 = (1 — t)x + ty to obtain the auxiliary inequality

2 2
@ a—x1+p+a—y1+p) §<I>(0—x1+p)+d>(0—y1+p)
2 2 2
_CD(p—i-(T—tx—(l—t)y)+<I>(p—0—(7—ty—(1—t)x)
— > 5 .

More precisely, we use the equivalent inequality

<I>(af%+pf§) < <I>(p+0—t;c—(1—t)y) +<I>(p+0—(;—t)x—ty). 17)

Multiplying both sides of (17) by t %, integrating with respect to t on [0, 1] and chang-
ing the variables yields

re(v-§+0-3)

1 T—x+p —zx r—xtp -
<o ., Gy e (0= x+p) —2) " D(2)dz
Z(y B x) e o—y+p
1 . )
- W [st(afy+p)+<l>(c7 —x+p)+ N3](U7x+p)7q>(o' —y+ p)} _

It is easy to see that left-hand side of (16) is proved. To prove the remaining part
of (16), we need the following inequalities:

Plp+o—(tx+(1—-t)y)) =P(p+o+ (p+0o)t—(p+0o)t — (tx+ (1 —t)y))
=®to—x+p)+ (A —t)(c—y+p))
<tP(c—x+p)+(1—-1)P(c—y+p)

and
Pp+o—(ty+(1—1t)x)) <td(c—y+p)+ (1 —t)P(c —x+p).

By summing the above inequalities, we have
Pp+o—(tx+(1-ty) +P(e+o—(ty+(1—-t)x)) <P(e—x+p)+P(c—y+p)

By multiplying both sides (17) by %, integrating with respect to ¢ on [0,1] and
changing the variables, we obtain

1
W [N3]?U_y+p)+cp(‘7 —X+p)+ st?g_x+p)—cp(‘7 -yt P)}
1
<7 _a[CD(a—x—kp)—i—CD(a—y—kp)].
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This inequality implies the remaining part of (16) by keeping (3) in mind. The proof is
complete. [

Corollary 5. For « = 0, under the assumptions of Theorem 5, we have

y X 1 po-xte ®(x) +P(y)
@(U—E-FP—E)S]/_X/Uiﬁp ®(t)dt < ®(p) +@(0) — ——F—>  (18)

forall x,y € |p, ). This inequality was obtained by Kian and Moslehian in ([30], Theorem 2.1),
and by Ogiilmiis and Sarikaya in ([17], Remark 2.2).

Remark 5. Ifin (18), we choose x = p and y = o, then we get the Hermite—Hadamard inequality (4).

3. Inequalities for General Convex Functions

By considering (&, m)-convexity modified in the first and the second sense, we give
analogues of Hermite-Hadamard inequality (4) for fractional operators (13) using Jensen—
Mercer inequalities proven for these classes. Before that, we recall the following identity
obtained by Néapoles et al. in [26] (see Lemma 1).

Lemma 1. Let @ : [p, 0] — R be a differentiable function. If ®' € L,_1]p, 0], then we have

D(p)+ P 1- « o _
) 2 o - Z(O’—Po)cloc [NSL,JD(P) + N3]P+<D(U)} - %(101 ~lo2),

where o < 1 and
1 1
Ing = / 0D (1 — t)p + to)dt, Inp = / (1 -8 (1 —t)p + to)dt.
0 0

If in Lemma 1, we substitute ¢ — i + p in place of p and & — x + p in place of o, we get
the next equation.

Corollary 6. Under the assumptions of Lemma 1, we have

Poc—y+p)+D(c—x+p)
2

1—ua
T2y [ N3 J{o—xp)- PO =Y +0) + N gy PO —x + p)} (19)

1
L = / 0D (0 — x4 pt — (1 — t)y)dt,
0

L = /(;1(1 — )17 (0 — x 4 pt — (1 — t)y)dt.
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Theorem 6. Let @ : [p, 2] — R be a differentiable function. If ® € Ly 1[p,0] and
|®'| € K;;([p, 1), then the following inequality holds for all x,y € [p, 0], & < 1:

‘CD((T—}/—I—P)-F(D((T—X-FP)

2
11—« a
_W{st(axﬁo) (‘7 ]/+P)+ N3]((7 y+p)+¢(0—x+p)}
<y_x{2A1|¢’<p>|+2A1m\<1>'<;z>|—m<|<r>'< 2|+ 1)) )
2 2—u

=[]+ |2/ (y)] = m(|o

Gl +

()] f e,

where Ay is from Corollary 2.

Proof. From Corollary 6 and modulus properties, we can write

P(c—y+p)+P(c—x+p)

2
—1_7"‘[ e Do —y+p)+ T (o —x+ )} (21)
2y — x) e LN o) YTP)T NoJ(o—y+p)* P

— X — X
L2 — b < Y2 (1 + D).

Using (h, m)-convexity of the first sense of function |®’| and Corollary 2, for integral
I, we get

1
|I| g/o t1*“|<1>’(p+a—(xt+(1—t)y))|dt

< /01 pie [A |2/ (p |+A1m <1>’(5)' - (hs ()] (x)] + m(1 — 1 (£))| @

(K)W

:A1[|CI)/( +m|CI>/ |<D/ / tl ahs / tl (X hs
2—u

_ A (p)| + Aym| @' ()| — m|® ()] : 1-ays

_ it _[|<1>(x) /Ot e (£t

One can write for the second integral I, similarly
1 1
| < / (1—t)" @ (¢ —x+pt — (1 —t)y)|dt = / H @ (o + 0 — (1 — t)x — ty)|dt
0 0

< A (o) + Aum | (F) | —m| ¥/ (5| >H/1t1""hs(t)dt
0
Thus, we have

22—«
Aq (|27 (p)[ +m|®' (F)[) —m (" ()] + ¥ ()]

2 —w
(%)‘4‘ @' (¢ )]/Oltlf”‘hs(t)dt

By multiplying the last inequality by Y>> and taking into account (21), we

obtain (20). O

- [lo'w)

2
L]+ | L] <

— [l (0] + @' ()] = m (|
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Corollary 7. If in Theorem 6, we choose x = p and y = o, then we have

‘(I)(p) —;(D(O.) — 2(0_1__p0)61,x [N3]g*q)(p) + N3]g+q>(0-)} ‘
e LR TERIELE]
= 2 2—«

[l <l -l (2) [ (2] [ #wva)

If, in addition, m = 1, then

‘cp(p) ercb(a) B 2(01__{;;1_& { N JE@(0) + N };;gcp(a)]‘

(22)
< (@=p)2A1 = 1) ([P (p)] +[P'(0)])
- 2(2—«) )

Theorem 7. Let @ : [p, 2] — R be a differentiable function. If ® € Ly 1[p,0] and
|D'| € Kﬁfﬂ([p, 1), then the following inequality holds for all x,y € [p, 0], & < 1:

‘@(U—y+p)+©(0—x+p)

2
_z(yl__le—w{wsfw i)~ PO =Yy +0) + N Tl y+p)+¢(a—x+p)}’
< (y—x)Az(<1>2(_a+m!<I> (7)]) _yx{(’q"(x)Hl@’(y)\)/ol o

em(lo(L)]+ @ (2)]) [t - naya,
where Ay is from Corollary 3.

Proof. The proof is analogous to that of Theorem 7, but with the use of Corollary 3 instead
of Corollary 2. [

Corollary 8. If in Theorem 7, we choose x = p, y = o and m = 1, then we have

CD(p)—I—q)(U) _ 1—w o «
_ 1
< T3] + [N 722 — [ 140+ (1= hie) e

Theorem 8. Let @ : [p, 2] — R be a differentiable function. If ® € Ly 1[p,0] and
|7 € K1S oo, =), then for all x,y € [o,0], « < 1, q > 1 with %4—% = 1, the follow-
ing mequalzty holds:
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‘¢(U—y+p)+¢(a—x+p)
2

S e
2y —x)' "

1
y—x 1 P
<
=Y (p—zxp—H) (B1+C1),

(4

[NSI?U,HF,)f@(U*yH) + Nal(gw)@(vxw)}‘ (24)

where

Proof. From Lemma 6 and modulus properties, we can write (21). Using the well-known
S o

Holder integral inequality and Corollary 2, since |®'|7 € Ki (o, 1), we get
1
|11|§/0 H4 @ (o +0 — (xt+ (1 —t)y))|dt
1
1 P 1 o q
(1—a) (o)1 (7
g(/ot th) {Al/o (19 (0)|7+m|@' (=) [)ar
1
1 q 7
’./0 [(hs(t)]q)’(x)]qum(lfhs(t)) @’(%)( )}dt} (25)
o\ Y |7
@Gl =o' ()]

o (L) ./01 hsa)dt}”.

1
1 i
_(p—vcp+1> {Al‘q)’(p)‘quAlm

-

- UCD’(x)‘q —m

Since

1 1
/O(1—t)1*“|c1>’(a—x+pt—(1—t)y)|dt:/0 4@ (o +0 — (1 —t)x — ty)|dt,

we can write similarly for the second integral
1
|| < / 4@ (p+ 0 — (1—t)x —ty)|dt
0

1
1 Z 181G

v e Gl e

()] [ voa}

By adding inequalities (25) and (26), we get

~[lo'w)|" = m

1

%

|+ 5] < (
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Multiplying both sides of the last inequality by the expression Y5 and keeping (21) in
mind yields (24). The proof is complete. [

Corollary 9. If in Theorem 8, we choose x = p, y = o and m = 1, then we have

(I)(p) + CD(‘T) 1—uw 4 o
‘ > - 2(0 _ p)l_a [N3Ia*q>(P) + N3]p+q)(0—)} ‘

<a—p< 1 );17
- 2 p—ap+1

{A1|<I>'<p>|q + (A1 = )|@/(0)|" — [[@'(p)|* — @' ()] /01 h%t)dt}q

X

+{(A1 — 1)@ (0)|" + A1 |/ ()]~ [|@'(@)]" — |/ (0)]'] /01 hS(t)dt}"].

Theorem 9. Let @ : [p, 2] — R be a differentiable function. If ® € Ly 1[p,0] and
|7 € Kifn([p,%]), then for all x,y € [p,0], « < 1,9 > 1 with %+% = 1, the follow-
ing inequality holds:

‘(I)(U—y—i—p)—l—d)(a—x—i—p)
2

11—« N i
_W { N3](07x+p)—q)((7 —y+ P) + N3](Ufy+p)+q)(0' —x+ p)} ‘
1

y—x 1 P
<
=7 (p—txp—i—l) (B2 +C2),

where
B, = {Ao](p) + Ao ()]
_|cp'(x)¢‘7/01 e (ydt —m|o' (L) ]qfolu _h(t»sdt}‘lf,
¢ = {Male @)1+ aamfe’ (T)[
@ Wl [ - mfe ()] /Oluh(t))wt};.

Proof. The proof is analogous to that of Theorem 8, but with the use of Corollary 3 instead
of Corollary 2. O
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Corollary 10. If in Theorem 9, we choose x = p, y = o and m = 1, then we have

@(p) + ®(0) 1—a . .
‘ 2 T 20—t [Nglrcb(p) + N31p+q>(a)}|

c0=P 1 ,
- 2 p—ap+1

{\Ach/(p)\”’ + Ag| @ (0)|7 — @ ()| /01 B ()t — | (o) /01(1 . h(t))sdt}q

X

+{A2]<I>’(p)’q + Ag|@ (0)]7 — @ (o) ./01 I (Hdt — | ()] /01(1 _ h(t))sdt}ﬂ .

Theorem 10. Let @ : [p, 2] — R be a differentiable function. If ' € Ly_1lp,0] and
|®'|7 e Ki’s ([0, 1), then for all x,y € [p,0], « < 1,9 > 1, we have

,m

Pc—y+p)+P(c—x+p)
2
1—«a
Taly 0" [ Ns (o) PO =Y +0) + NS (g )+ PO —x + P)} ‘ (27)

1
- X 1 1=
Syz (2“) (D1 +Eyp),

where

D; = {Alq"(P)lq + Aym| @ (2)]" —m|@ (£)]”
1= 2—uw

_ [|q)/(x)|‘7 _ m’cbl(%) ‘q} /01 tlahs(t)dt}q,

F1= {Alqy(P)!q + Aym| @' (F)[7 — m|®' ()|

2—u

q

[ =sl (D] [+ voa)

Proof. We first write (21). Then, using the well-known power—mean integral inequality

and Corollary 2, since |®'|" € K,ifﬂ ([0, £]), for the integral I;, we obtain
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1
|11|§/O H® (o +0 — (xt+ (1 —t)y))|dt

(/ #- ”‘dt)1 ;{ A1|d>' )|+ Agm ’cb’ / gy
—/ t- "‘ (hs )| @ (x)|" + m(1— ke (¢t ‘cb’( )’)]dt}q
1
q

:( 1 )1 {A1|<I>’( o)+ Aym|@ (2)|7 . / R

2—u 22—«

Sfw ()] [ s -]

( ! )1_;{A1|<1>’(p)lq + Aym|@' (5|7 — m|@’ ()|

(28)

.

2—u 2—w
1
q

-[weor=—slo ()] [ #woa)

One can write for the second integral similarly

1
|| g/ H%® (o + 0 — (1 — t)x — ty)|dt
0

( 1 )13 A1|9'(p)|T + Aym|@' ()| —m|®' ()|
2 —w 22—« (29)

1
q

x4 [
— || = m|e ()] }/O fl "‘hs(t)dt} :
By adding inequalities (28) and (29), we obtain
1 \!7
nl+lel< (525) D1+,

Multiplying both sides of the last inequality by the expression ¥>* and keeping (21) in
mind, we get (27). The proof is complete. O

Corollary 11. If in Theorem 10, we choose x = p, y = o and m = 1, then we have

“D(P) 2 e IR+ o) ‘
_ -7
= : 2 ‘ (2 i 1x>
{A1|<D’(P)|q +2(—Aix_ D' ()" [|q>/( — |®'(0) / Aaps (i }

2—«u

[ B DORE ML 147(0))1 - o)1) [ t”hs<t>df}q] |

If, in addition, we suppose g = 1, then we get (22).
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Theorem 11. Let ® : [p, 2] — R be a differentiable function. If ' € Ly 1[p,0] and
|®'|T € Kzs > ([0, &]), then for all x,y € [p,0], & < 1,9 > 1, we have

‘d)(a—y—f—p)—l—@(o—x—i—p)
2

1—ua " N
20y - x)' e { NoJlr—r40) PO =Y +0) + NoJgyip)+ PO —x+ p)} ‘

1
—Xx 1 1-3
< y2(2—¢x> (D2 + Ey),

where

p, - { Rl A )]
2 P

1

o om0 ]

e

2—u

- {|q>’ / HoRs (¢t dt—i—m‘CD’ / (1 —h )dt]}l.

Proof. The proof is analogous to that of Theorem 10, but with the use of Corollary 3 instead
of Corollary 2. [

Corollary 12. If in Theorem 11, we choose x = p, y = ¢ and m = 1, then we have

CI)(p) -|-(I)((7) 1—uw 14 o
‘ > - 2(0 —p)l_lx [N3]¢7—q)(P) + N3]p+q>((7>} ‘

1

c0=p 1 \'77
- 2 22—«

A2|(I)/( )|q+A2|CD/( ) / 1 -y,
X H — |@'( )]‘7'/0 RS (¢)dt

2—un

1 / q / q
oo [ e )dt}q +{Az|<1> <p>|;;xz|<1> ()

-\cpf(a)w/ A0 (1)t — | (o) / A-e(1— )dt};].

If, in addition, we suppose q = 1, then we get (23).

4. Applications

Throughout the paper, we examined the fractional integral sums

Wl @) + e 0) = [0 e+ [Ty - et
forx,y € [p,c] CR.

We demonstrate the scope and strength of our results through three examples, two
related to trigonometric functions and one to arithmetic means.
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First, consider a convex function. Let @ : [p, 0| = [rr,271] — R, ®(t) = sint, which is
convex on [71,27], and fix & = % Then, according to Theorem 4, we have the inequality

. (x+y 1 Y sint Y sint . Y
in(30) < s\ e [ ] < -sn ()
forall x,y € [mr,27].

Second, we consider a non-convex function that has a convex derivative in absolute
value. Let® : [, 271] — R, ®(t) = t — cost, which has a convex derivative @' (t) = 1+ sin ¢
on [7t,27], and fix &« = % Keeping Remark 2 in mind, applying Corollary 7 or Corollary 8
(with x in place of p and y in place of ¢) yields

X+y—cosx —cosy — ! { yt_COStdt—F/yt_COStdtH
Y Y 2y —x|Jx t—x x Jy—t
<2(y—x)(2—|—sinx+siny)
- 3

forall x,y € [mr,2m7].
Finally, consider the convex function @ : [p,0] C [0,00) — R, ®(t) = " withn > 1,
and fix « < 1. Then, according to Theorem 4, we have

Y X n< . 0 11—« [/y n it /y " dt]
[‘7 2t 2} spto 20y — ) e (- x0)" AT

n
<pn+0.n<x72Ly)

for x,y € [p, 0], from which we obtain an inequality of arithmetic means:

2A(0.0) ~ A" < 240 0%) - SIS [ [ L [l

<24A(p" 0") = AM(x,y),

where A(u,v) denotes the arithmetic mean A(u,v) = 2.

5. Conclusions

In the present work, we obtained interesting results pertaining to the Jensen—-Mercer-
type Hermite-Hadamard inequalities via non-conformable integrals, using the classical
convex, (h, m)-convex, and (h, m)-convex modified functions. Thus, we presented various
relevant fractional inequalities related to convex functions and differentiable functions of
general convex derivative in absolute value.

As applications, we gave examples of functions for which our main inequalities can
be applied, and we presented the resulting inequalities.

Our results are expected to provide motivation to generate further research on in-
equalities that includes other notions of convexity, such as new variants of the Hermite—
Hadamard—Mercer inequalities obtained in this work. For example, instead of working
with the operators of [26], one can consider the following more general fractional integral:

Definition 7 ([31]). Let ® : [0,00) — [0, 00), such that & € L]0, o). Generalized fractional
Riemann—Liouville integral of order « € Rand B € R, B # —1, is given as follows:

; : _ 1 x CD(i’)dt
I, ®(x) ka(oc)/u [@(x, )] k(L B)

with ®(t,p) > 0, ®(t,0) = Land ®(x,t) = [} q)(dggﬁ). Obviously ®(x,t) = — O(t,x).
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By considering the kernel ®(t, 8) = t~#, we have

xﬁ+1 _ tﬁJrl

g+1

and we get the (k, f)-Riemann-Liouville fractional integral in Definition 2.1 of [32]. Fur-
thermore, by setting k = 1, we obtain the Katugampola fractional integral (see [33]).

B+1 _ p+171-%
®(x,t) = xt} ,

and [CD(x,t)}lf% = [ 571
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1. Introduction

Let A stand for the family of analytic functions in E = {z € C: |z| < 1} that are
normalized when 7(0) = 0 and #/(0) = 1 and express every 1 € A that has the following
series in the form shown below:

n(z)=z+Y a2
j=2

In addition, S is a subclass of A, and members of S are univalent in E. The functiony € S
is called a starlike (S*) function in E (see [1]) if

Re(ZZ;S)) >0, z€ E

and the function 77 € S is called a convex (C) function in E (see [2]) if

ziy" (2)
) ) >0, z€ E.

The function 7 € S is called a close-to-convex (K) function in E (see [3]) if and only if

g € 8%, such that
!
Re<z’7<z)) >0,
8(2)

1—|—Re(
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In [4], Noor introduced the class of functions # € S that are called quasi-close-to-convex
(Q) functions in E if and only if ¢ € K exists, such that

Mol
o STY) o

Among the subclasses of S, the starlike (S*) convex (C) and close-to-convex (K) functions
are the most well known. To learn more about the well-known and extensive research of
the starlike and convex function subclasses S and C, see [5-7].

The idea of starlike and convex functions of order a was first presented by Robert-
son [8] in 1936 as follows:

For 0 < a < 1, the function 7 € S is called a starlike (S*(«)) function of order « in E

(see [8]) if
Re(Z"'<Z>) >
1(2)

and for 0 < & < 1, the function 7 € S is called a convex (C(«)) function of order « in E

(see [8]) if
Re 7(277/(2)) > Q.
n'(z)
Fora =0,
S*(w) =8*
and
C(a) =C.

Let 0 < a < 1; the function 7 € S is called a close-to-convex (KC(«)) function of order « in
E (see [3]) if and only if g € S*(«) = S*, such that

li
Re(Z}7 (Z)> >
8(2)
For more details, see [5].

Let 0 < & < 1; the function 77 € S is said to be in the class of quasi-close-to-convex
(Q(w)) functions if and only if ¢ € K exists, such that

Re(ww) >«

8'(2)
Fora =0,
K(a) =K
and
Qa) = Q.

We present the well-known class P (see [6]) of analytic functions p in E, which satisfy the
following conditions:
Re(p(z)) >0

and
p(0) =1.
For 11, 12 € A, and 1 subordinate to 7, in E, denoted by (see [9])

n1(z) < m2(z), z€E,
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suppose that an analytic function wy, such that |wy(z)| < 1 and wy(0) = 0, and
1(z) = n2(wo(z)), z € E.
Each function 77 € S has an inverse 7! = F that may be written as

F(n(z)) =2z z€E

and 1
n(E(w)) = w, |w] <o), ro(1) = 5
The series of the inverse function is given by
F(w) = w — ayw? + (243 — a3)w® — (5a3 — 5aa3 + ag)w* + ... 1)

An analytic function 7 is called bi-univalent in E if 7 and # ~!are univalent in E, and ¥ stands
for the class of all bi-univalent functions. Here, we give some examples of bi-univalent
functions below:

z 1 1+z
m(z) = i— 72(z) = —log(l —z), y3(z) = 2log(1 —z)' z € E.

’
z

The famous Koebe function
k(z) =z(1—2z)"2, forallz € E,

is not in class X.

Lewin [10] introduced the concept of class X and established |a;| < 1.51 for every
1 € L. Following that, Brannan and Clunie [11] demonstrated that |a;| < v/2. Subsequently,
Netanyahu [12] showed that max|ay| = %, and Styer and Wright [13] showed the existence
of y € X, for which |ay| < %. Furthermore, Tan [14] demonstrated that, for functions in X,
|az| < 1.485. Since class X was first introduced, many scholars have attempted to establish
the connection between the geometric features of the functions inside it and the coefficient
bounds. As a matter of fact, authors Lewin [10], Brannan and Taha [11], Srivastava et al. [15],
and others [16-20] built a solid framework for the study of bi-univalent functions. In these
more recent publications, the initial coefficients were only estimated using non-sharp meth-
ods, and the coefficient estimates for the general class of analytic bi-univalent functions
were also discovered in [21]; however, Atshan [22] utilized the quasi-subordination char-
acteristics and obtained some results for new bi-univalent function subclasses. A new
subclass of m-fold bi-univalent functions was defined by Oros and Cotirla [23], who also
found the coefficient estimates of the Fekete-Szegd problem. More recently, the integral
operator based on the Lucas polynomial was used to estimate coefficients for general sub-
classes of analytic bi-univalent functions [24]. Numerous authors looked into the bounds
for various m-fold bi-univalent function subclasses [25-30]. The sharp coefficient bound
for |ay|, (m =3,4,5,...) is still an unsolved problem.

Gong [31] discussed the uses and significance of the Faber polynomial methods that
Faber [32] introduced. The coefficient bounds |a;| for j > 3 were recently determined by
Hamidi and Jahangiri [33,34] using the Faber polynomial expansion method. The Faber
polynomial expansion approach has been used to introduce and study a number of new
bi-univalent function subclasses. Bult introduced a few new subclasses of bi-univalent
functions in References [35-37], and she implemented the Faber polynomial method to
discover the general coefficient bounds |a;| for j > 3. She also discussed how the initial
coefficient bounds have unpredictable behavior. In [38,39], new subclasses of meromorphic
bi-univalent functions were studied using the Faber polynomial. Recently, the subordina-
tion features and the method of generating Faber polynomials were also used to derive the
general coefficient bounds [4;| for j > 3 of analytic bi-univalent functions [40]. Altinkaya
and Yalcin [41] addressed the unusual behavior of coefficient bounds for novel subclasses of
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bi-univalent functions using a similar methodology. Additionally, numerous authors used
the Faber polynomial technique and obtained some intriguing findings for bi-univalent
functions (see [42-47] for additional information).

Let m € N. If a rotation of a domain E with an angle of 27t /m at its origin maps that
domain onto itself, then the domain is said to be m-fold symmetric.

Following that, it is demonstrated that an analytic 7 in E, being m-fold symmetric,
satisfies the following requirement:

and Sy, in E represents m-fold symmetric univalent functions. The function € S, has the
following form:

n(z) =z+ Y apiaz" 2)
j=1
Srivastava et al. [48,49] gave an additional boost to the study of the family X, which
has led to a large number of works on subclasses of X;;. Then, for a new subclass of %,
Srivastava et al. [50] explored the initial coefficient bounds. Note that >; = X. Sakar
and Tasar [51] developed further subclasses of m-fold bi-univalent functions and derived
the initial coefficient bounds for the functions belonging to these families. In [52], co-
efficient bounds were established for new subclasses of analytic and m-fold symmetric
bi-univalent functions. Recently, Swamy et al. [29] defined a new family of m-fold symmet-
ric bi-univalent functions by ensuring that they satisfied the subordination requirement.
References [53-58] presented interesting results on the initial coefficient bounds and the
Fekete-Szeg6 functional problem for some subfamilies of X.,,.
Recent work by Srivastava et al. [59] shows the series expansion for 77! to be as
follows:

F(w) = W_l(w) =w- ‘1m4r1@‘7m-~_1 + Amw2m+1 - Bmw3m+lr 3)
where
Am - (m + ]')a%fl-‘rl — ﬂ2m+1,
1
By = =(m+1)Bm+ Z)aﬁHl — (Bm +2)ay, 10211 + 311

2

For m = 1, Equation (3) coincides with Equation (1). Here, we provide examples of an
insignificant number of m-fold symmetric bi-univalent functions:

Zm

@) = (1) ) = o1 -2,

1 m
log 11_;1, z€E

16(2)

and their inverse functions are

1

1 " -
w™ N\ m v 1\ "
F(z) = <1+wm> , Fs(z) = <62wm_’_1> ,

1
wm W
e’ —1
ewm .

Many new classes of analytic functions have been built and studied by scholars in the
field of Geometric Function Theory (GFT) using g-calculus and fractional g-calculus. In 1909,
Jackson [60] developed the g-calculus (Dj) operator, and in [61], Ismail et al. utilized this
operator for the first time to build a class of g-starlike functions in E. See [62-65] for more
reading on g-calculus and analytic functions.

Fo(z)
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The Faber polynomial is one such subject, and it has become more important in
mathematics and other sciences in recent years. This article is divided into three parts.
In Section 1, we quickly review some elementary concepts from the theory of geometric
functions since they are essential to our primary discovery. These elements are all standard
fare, and we appropriately reference them. In Section 2, we introduce the Faber polynomial
method, give a few illustrations, define some key terms, and present some preliminary
lemmas. In Section 3, we present the new (A, q)-differintegral operator for m-fold symmetric
functions, and, considering this operator, we define a new class of close-to-convex functions
and investigate the main results. Section 4 offers some final remarks.

2. Preliminaries

Addressing the basic definitions and notions of g-fractional calculus is now necessary
in order to construct some new subclasses of m-fold symmetric bi-univalent functions.

Definition 1 ([66]). Let us define the q-shifted factorial (vy,q); as
i1 ,
() =T1(1=1), (€N 19€0). )
j=0
Ify#q ™, (meNy=1{0,1,2,...}), then it can be written as
H(l—’yq]) (yeCand|g| <1). (5)

j=0

Remark 1. When «v # 0and q > 1, (v, q)eo diverges. Thus, if and when this occurs (7, q)oo, then
we will assume |q| < 1.

Remark 2. When q — 1— in (4), then we obtain the Pochhammer symbol (7y); defined as
j—1
(Mj=TIr+D, fjeN.

1=0

Ifj=0,then (v); = 1.

Definition 2 ([60]). The expression for the q-factorial [f], is

j
(gt = II—[[l]qr (IeN), (6)
=1
where .
. 1—
My =10
Ifj =0, then

Definition 3 ([66]). (7, q); in (4) can be precise in terms of the g-Gamma function as follows:

(1=9)"7(9.9)
(9% 9)e

Fq(y) = , (0<g<D),

i (1=g)ra(y+))

(‘77"1)] = Fq('Y)

, (jEN).
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For analytic functions, Jackson [60] presented the g-difference operator as follows:

Definition 4 ([60]). For n € A, the g-difference operator is defined as

Dyn(z) = 1 =102 -

z(1-q) '
Note that

Dy(2) = [jlgz ", Dq< ﬂj2j> = Z[j]q“jzj_l~
. =

j=1

Definition 5. Pochhammer’s generalized symbol for q is denoted by

Fq('Y"‘]') .
Ygj=—F"=-J€EN, yeC.
(7], Fa(?) ]
Remark 3. When q — 1—, [v]yj simplifies to (7y); = 1“(%;3])

Definition 6 ([67]). For A > 0, the fractional g-integral operator is defined by

4

L IIOLHO) )

0

1
Fq(A

In(z) =
where the definition of the g-binomial function (z — tq),_; is

(z—tg),_4 =211 (q”“, -4 th/z).

The series 1Dy is given by

L2, (gl < 1]z < 1).

(a,9)
q,9);

1¢0(a/ _/q/z) - 1 + Z (
=

This final equivalence is known as the q-binomial theorem (for reference, see [68]). For more details,
see [67,69].

Definition 7 ([68,70]). For an analytic function 1, the fractional q-derivative operator D{; is
defined by

Dyy(z) = Dgly "(z)

z

- ,fq(ll_MDq/<z —tq) 1 ()dg(8), (0<A<1).

0

Definition 8 ([67,68]). For k to be the smallest integer, the extended fractional q-derivative D{} of
order A is defined by

Dy (z) = D (L (2) ). ®)
We find from (8) that

DA — Fq(j+1) A

LT A (0< A, > 1),
T R (+1-A) ( j>-1)

Note that D‘;‘ represents the fractional g-integral of order A when —oo < A < 0 and the fractional
g-derivative of order A when 0 < A < 2.
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Definition 9 ([71]). Selvakumaran et al. defined the (A, q)-differintegral operator Qg\ A=A
as follows:

Fqa(2—2)
A q Ay
Qq’?(z) WZ Dq’?(z)

2= ANF(+1) .

= z+ - a7/, z € E,

Jg Fe2)F4(j+1-A) ]

where
0<AK2,and0<g <l

Consider the following:

lim Og(2) = Qg1 (2) = 2Dy ().

Definition 10. For k to be the smallest integer, the extended fractional q-derivative Dé"m of order
A is defined for m-fold symmetric functions as follows:

D"y (z) = D (I *n(2)); )
we find from (9) that
i Fg(mj+2) i ,
Amyj . TN TR mj+l-A < _ '
Dy Fomi+2—A)" » 0=Aj>-1,meN)

The Faber Polynomial Expansion Method and Its Applications

The coefficients of the inverse map F may be expressed using the Faber polynomial
method applied to the analytic functions (see [72,73]).

Fw) =17 () = wt 1500 (s ),
Z
where
S (—))! 1 (—))! -3
UL T THAOGoD TR ©
(—))! 4
E TR Ty
e st 2]
)l aj_é[a + (—2j + 5)aza4]
SEDITEDIEE
+ZﬂJ;iQi,
i>7
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and for 7 < i < j, Q; is a homogeneous polynomial in ay, a3, ... a;. To be more specific,

the first three terms of Q]i] ; are

1 1
SQ7 = w300 =250,
1
1Q3 4= —(561% — bayaz + ﬂ4).
The usual form of the expansion of QJV. forr € Z(Z:=0,£1,4£2,...and j > 21is

Gt T e (RIS

]

where

V]?‘ = V;(le, as... )

and according to [72], we have
i, ({Il]')yj

V?’(az,. . .,11]') = i U!<a2)

] =1 ,ul!/”-r]’lj!

, fora; =land v <.

The sum takes over all non-negative integers y1, . .., 4j, which satisfies

prt+pp+--otpp =0,
Pt 2pp A =

Clearly,
j —
V].(al,...,aj) =V

and the first and last polynomials are

j_ 1_
Vj =aj, and V]- =aj.

Lemma1 ([5]). Ifp(z) =1+ )0_% ¢jz € P and Re(p(z) > 0, then
j=1

[eil <2

In this section, we define the (A, g)-differintegral operator for m-fold symmetric func-
tions, consider this operator, and define a new class of close-to-convex functions. Then, we
obtain our main results by using the technique of Faber polynomial expansion.

3. Main Results

By using the same technique as Selvakumaran et al. [71], we define the (A, q)-differintegral
operator for m-fold symmetric functions as follows:

Definition 11. For m € N, the (A, q)-differintegral operator for m-fold symmetric functions
Qg’m : Sy — Sy is defined as follows:

Fq(Z—/\)
Fq(2)
o 2= N gm+2)

= Fq(2)F g(mj+2—27) i

Qé"mn(z) ZAD;"W[W(Z)

= z+4 mi+l " 2 ¢ E,
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where
0<A<2,and0<g <L

Taking motivation from [33] and considering the (A, q)-differintegral operator, we
define a new class of close-to-convex bi-univalent functions of class ¥,.

Definition 12. The function f € ¥, belongs to class Cg’q((x,m) if and only if there exists a
function g € S* satisfying

A (z
Re (Dq(fzj(z)ﬂ()) >
and N
(2.

whereO§a<l,0§A<1,m€N,z,w€EandF:77’l

The Faber polynomial method is applied to Definition 12 in order to derive the j!"
coefficient bounds, |41, |a2m+1|, as well as the
Feketo-Szegd problem a1 — pa?_,|.

Theorem 1. Let 1 € Cé’q(a,m) be given by (2) if a1 = 0,and 1 < k < j—1. Then,

. Fq2)F g(mj+2—A)(3 — 2« + mj)
M= I g F g (2= A)F (mj+2)

, for j>2.

Proof. Sincer € Cg’q (a,m), then, by definition and using the Faber polynomial,
D, (n(2))
8(2)

= 1+ 2 Ky (‘7/ m,j, A Z Ql b1, b2, - bml+1) X KZ(q/ m,j,)t>‘| ij, (10)
j=1

where

Ki(q,m, j,A)
. Fq(2=A)F 4(mj+2)
= <[m] + 1]q Iy 2)Fr (M]qu 2= 1) Amj+1 — bijrl)

Ko(q,m,j,A)

(([M]—l-l]q _ml) Fq(Z)F (m] ml+2 — /\)am]-&-l ml _bm]-H ml

-1

For the inverse map F = ! and G = ¢~!, we obtain

D (O} F(w))
s

= 1+)

K3 q,m ]/ Z Q[ m+1/ m+2/ cee Bml+1) X K4(¢1/ m,j, /\)‘| wmj/ (11)
j=2
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where
K3(g,m, j,A)
_ ; Fq(2=MF4(mj+2)
= ([m] +1], T (1) +2—A) Amjt1 — Bmj+1
K4(q/ m/j/ /\)
B ) Fq(2—=MA)F g(mj—ml+2)
- (([m] + 1]‘7 - ml) Fq(z)Fq(mj —ml+2— )t) Am]+1fml - Bm]Jrlfml .
A
As opposed to that, Re% > win E, and
p(z) =1+ Y cwjz";
j=1
therefore,
D, (n(2))
T\**q
— 2 = 1+ (1—a)p(z
& (1-a)p(2)
= 1+(1—a)) cpz". (12)
j=1
A
Similarly, Rew > « in E, and there exists the function
s(w)=1+)_ dm]-w’”j
j=1
so that
D, (Q}F(w)
9\*%q
(G(w) ) = 1+(1—-a)s(w)
= 1+ (1—a) ) dyw™. (13)
=1

Evaluating the coefficients of Equations (10) and (12), for any j > 2, yields
{Kua,m, j, Q7 Bt bz byrin) X Kalg,m,j,A) } = (L= w)epy (14)
Evaluating the coefficients of Equations (11) and (13), for any j > 2, yields
j—1
Ks(q,m,j,A) Z Qfl (Bm+1,Bm+2, -+ - Bury1) X Ka(q,m, j,A) = (1 — D‘)dmj- (15)
=1

For the special case j = 1, from Equations (14) and (15), we obtain

[m+1]gF 4(2 = A)F g(m +2)
Fa2Q)F g(m+2—A)

Ayt — by = (1 — a)om

and
[m + 1]qu(2 —A)F 4(m+2)

Fa2Q)F g(m+2—-A)

m+1 — Bm+l = (1 - Dé)dm
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By utilizing Lemma 1 and solving a,, 1 in absolute values, we achieve

Fa2)F g(m+2—A)
m+1)4F g(2—=A)F g(m+2)

1] < [ (3 —2a +m).

However, under this assumption, 4,1 = 0and 1 < k < j — 1 both yield

Aj = —aj.
Therefore, .
[mj + 1], izg);;\()n,:]quj i; Ajr1 = bj1 = (1= a)cw (16)
and

Fq(2 = A)Fq(mj+2)
TFq(2)F g(mj+2-2)
By solving Equations (16) and (17) for a; and determining the absolute values, and by using
Lemma 1, we obtain

— [mj +1] Amj+1 — Bmjr1 = (1- "‘)dmj' (17)

Fq2)F g(mj+2—A)(3 — 2« + mj)
[mj+1]gF (2 = A)F q(mj +2)

’aijrl’ <

upon noticing that
|bmj+1| < m] 4+ 1and |ij+l| < TH]+ 1.

This completes Theorem 1. [

Corollary 1. Let yy € Cg’q(zx, 1) be given by (2) if g1 = 0,and 1 < k < j— 1. Then,

Fa2)F4(G+2-A)(3—2a+7)
[+ 1gFq(2—=A)Fq(+2)

’ﬂ]‘J’,l‘ < , for j>2.

Corollary 2. Let yy € Cg’q(tx,m) be given by (2) if ayyp 41 = 0,and 1 < k < j—1. Then,

(3 —2a + myj)

- , for j>2.
[mj+ 1], for J

’amj+1| <

Corollary 3. Let yy € Cg'l(oc,m) be given by (2) if a1 = 0,and 1 < k < j—1. Then,

F(mj+2—A)(3—2a+mj)
[mj+1)F (2= A)F (mj+2)

|apjy| < , for j>2.

Corollary 4. Lety € Cg’l(uc,m) be given by (2) if a1 = 0,and 1 < k < j—1. Then,

(3 — 20 + myj)

- , for j>2.
[mj+1], Jor J

’amj-&-l’ <

When weset A =0, m =1, and 4 —+ 1—, we have a well-established corollary, which
is proven in [33].

Corollary 5 ([33]). Letn € Cs(a)ifag 1 =0,1 <k <j. Then,

2(1 —w)

|aj]§1+ , forj>3.

The following theorem is obtained given the initial coefficients |a,,1| and |az,+1], as
well as the Feketo-Szegd problem |ay,, 1 — a2, .| in Cz(m, a, q).
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Theorem 2. Let 7y € Cg’q(oc,m) be given by (2). Then,

] < 1| 1@ a2 = A)F g(2m +2)(1 —2)
"= 2= M) {Ks(q,m, ], A) — Ke(q,m, ], A)}

for 0 <a<1—¢(q,A).

2F (2)F g(m +2—=A)(1 —«a)
m+1gF (2= A)Fg(m+2) = Fg(2)F g(m+2—A)’

|am+1‘ < [

for1—¢(g,A) <a<1

2F 4(2)F g(2m +2—A)(1 —a)

azm1] < 2m A 1]gF g(2m+2)F 42— A) — F g)F @m+2—A) | Kalq.m j,2),
where
¢(q,A)
= Ko(qm,j,A) x (Fg(2)F g(2m+2=2){Qu(q,m,A)}?)

and

Ko(g,m,j,A) = !

AT A T NF(2)Qa(g,m, V)

QilgmA) = [m+1F j2—=A)Fg(m+2)=Fg(2)F g(m+2—A)

Qa(q,m,A) = {Ks(qm,j,A)Fq(m+1—A)—Ke(q,m,j,A)Fq(2—A)}.
Now,

. 2 ‘< 2F 4(2)F g(2m +2—A)(1 —a)
LT = 2 1) F (2= A)F (2m+2) = Fg2)F g@m+2—A)’

where K5(q,m,j,A), K¢(g,m,j,A), and K7(q,m, j, A) are given by (18)—(20).

Proof. In the proof of Theorem 1, we obtain a,,; = —b,,; for the function g(z) = 0917(2). For
j = 1,(14) and (15) respectively yield

[m4+1]F (2= A)F g(m+2) B

llm+1< Fq(qZ)L,Ifq(m+2q—)\) —1) = (1—a)y
[m4+1]gF (2= A)F g(m+2)

am+1<_ Fq(qz)qfq(m+2q*)\) +1> = (=)

Any one of these two equations, when taken at its absolute value, gives

2F 4(2)F g(m +2—=A)(1 —«a)
m+1gF (2—=A)Fg(m~+2) = Fy(2)F y(m+2—-2A)"

|am+1‘ < [
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For j = 2, Equations (14) and (15) respectively yield

2m +1]gF 4(2 = A)F 4(2m +2)
( F@)Fg@m+2—2) >”2'““

_([m+1]qu(2A)Fq(m+2) —1>a2
Fq(2)F g(m+2—A) m+1

= (1—a)om

and

2m +1]F o(2 — A)F o (2m +2)
<2a$n+1 - ﬂzm+1) ( Fq(l;),zq(Zm T 2'7_ By — 1)

B ( [m+10gF 42— A)Fg(m+2) 1>a2
Fa2)F g(m+2—A) m+1

= (l — Dé)dzm.

Combining the two equations and solving |a,,1| yield

‘az ‘_ Fq(2)F q(m+2—=A)F¢(2m +2)(1 — &) dom + Conm|
i 2 (2= A){Ks(q,m,j,A) — Ke(q,m, j,A)}

where

Ks(q,m,j,A) = [2m+1)gF 4Q2m+2)F g(m+2—A)

Ke(q,m,j,A) = [m+1]Fg(m+2)F¢(2m+2—A).

By applying Carathéodory’s Lemma 1, we obtain

a |<ffq(zm(mw—A)Fq<zm+z><1—a)
"=\ 2= A {Ks(g,m, j,A) — Ke(g,m, j,A)}

As a result, we obtain the estimate

\/ZFq(z)Fq(m +2—A)F4(2m+2)(1—a)
Fq(2—=A){Ks(q,m,j,A) — Ke(q,m,j,A)}
2 g(2)F g(m +2 = A)F 4(2m +2)(1 — a)

Fq(2—A){Ks(q,m,j,A) — Ke(q,m,j,A)}"

By substituting

_ Cm(l_lx)Fq(z)F’i(m_‘_z_)L)
T I g g2 = A)Fg(m+2) = Fq2)F ¢(m+2-2)

in (4), we obtain
Fa2Q)F g2m+2—-A)(1—a)
2m +1]gF g(2m+2)F (2 = A) = F 4(2)F 4(2m +2 = A)
(1—a)F 42)F g(m+2—-A)

A2m+1

8 {sz T I, g2 = M g (m+2) = F@)F g(m+2—A)
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Using the modulus and Carathéodory’s Lemma 1, we may prove the following:

2F 4(2)F g(2m +2—A)(1 —a)
2m+1gF g(2m+2)F (2= A) — F 4(2)F 4(2m —I—Z—/\))'

|a2m+1| S K7(q/ m/j/ A) <[

where
K7(q,m,j,A)
= Ks(g,m,j,A) ([m+1]yF (2= A)F 4(m+2) = W(g,m,2)), (20)
W(q,m,A) = Fo(2)F g(m+2—A) +2(1— a)F 4(2)F o(m +2—A)
and

Kg(q,m, j,A)
1
[m+1]Fq(2=A)Fg(m+2) = Fg2)Fg(m+2—A)

Lastly, by subtracting Equation (4) from Equation (5), we obtain

. 2 < 2F 4(2)F g(2m +2—A)(1 —a)
2m+1 ~ 1| = 2m+1]gF g2 —A)F q(2m+2) — F4(2)F ;(2m+2—A)’

O

Corollary 6. Let 1y € Cg’q(zx, 1) be given by (2). Then,

jaz| < 21 ()1 4(3 = A)F 4(4)(1 ~ )
T\ Fa2- M {Blaf @G- A) — [, 1O a- 1))

for 0<a<1—¢(gq,A)and

2F 4(2)F 4(3=A)(1 —w)

) S R = D (3) = F 4@ (B A)

for 1—¢(q,A) <a <land

|as|
2 4(2)F4(4-A)(1 —w)
T BlgF @) Fg(2=A) = F4(2)F 4(4—A)
x{ [Z]QFq(Z —MF4(8) = F4(2)F g(8—A) +2(1 —a)F 4(2)F 4(3—A) }
2lF (2= A)F4(3) = Fq(2)F (3= 1)

and
2F(2)F 4(4—=A)(1 —w)

Fq(2)F 4(4—A)

jas — a3 < BlF g2~ A q(4)

where

¢(q,A) =
F (4= D{[2eF 42— N)F4(3) = F4@)F 43 = 1)}
2F 2= )Wi(q, 1)
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and
Wi(q,A) = (BlghF () F (2= A)F (3= A) = [20gF 4(B)F g(2 = A)F 44— A)).

Corollary 7. Let y € Cg’q(oc,m) be given by (2). Then,

| < 21 -2)
{[2m+1]q—[m+1]q}

for 0 <a <1—¢(q,0). Now,

2(1 —w)
< =\ 7
|le+1| —= [m+1]q_1

for 1—¢(q,0) <a <1

T Ll {W+1b1+%1m}
2m+1], -1 [m+1]q_1
and
‘a2m+1 —afn_H’ < m/
where

Fo(m+2){[m+ 1], 4(2) — F4(2)}

T2 g (m D){[2m + gk (m+ 1) — [m+ 1 4(2))

¢(q,0)

Corollary 8. Let y € C%l((x,m) be given by (2). Then,

2(1—«)

|am+l| < m

for 0 <a <1—¢(1,0). Now,
2(1—a)
m

|amy1] <

for 1—¢(1,0) <a <1

1—uw m+2(1—«a
a2 11| < . X{ ( )}

m
and
Am+1 — ‘172n+1‘ < ! ;1“/
where
$(1,0) = %

The well-known corollary for A = 0, m = 1, and 4 — 1— is proven in [33].

Corollary 9 ([33]). Let 7 € Cx(a) be given by (2). Then,

2(1—a) ifO<a<i
< 2’
|”2|—{ 21—a) if J<a<l,
and

2(1—a) if0<a<l
< - 2/
|“3|—{ (1-a)(3—2a) if L <a<1.
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4. Conclusions

In this paper, we introduced the (A, g)-differintegral operator for m-fold symmetric
functions given in (11) and discussed its applications for a class of m-fold symmetric
bi-close-to-convex functions that is defined in (12). We applied the Faber polynomial
technique and investigated the jth coefficient bounds, the initial coefficients, and the Fekete—
Szego functional for this newly defined class of m-fold symmetric functions. This research
also shows how current discoveries and other improvements may be made via careful
parameter specialization.

This article has three parts. Since the basics of geometric function theory are necessary
to understand our major discovery, we briefly cover them in Section 1. These elements are
all well recognized, and we appropriately reference them. The Faber polynomial method,
several related applications, and some preliminary lemmas are presented in Section 2. In
Section 3, we discuss our results. Researchers may create many other classes of m-fold
symmetric bi-univalent functions by using different extended g-operators in place of the
(A, q)-differintegral operator in their future investigations. Researchers may also explore
the behavior of coefficient estimations for newly defined subclasses of m-fold symmetric
bi-univalent functions using the Faber polynomial approach.

Author Contributions: Supervision, S.B.A.-S.; Methodology, A.A.A. and M.EK.; Formal analysis,
A.A.A. and K.M.; Writing—review and editing original draft, S.B.A.-S.; Funding acquisition, S.B.A.-S.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Not applicable.
Acknowledgments: The authors would like to thank Arab Open University for supporting this work.

Conflicts of Interest: The authors state that they have no competing interest.

References

O 0NN

12.
13.
14.
15.
16.
17.
18.
19.

20.

Nevalinna, R. Uber Uber die Konforme Abbildung Sterngebieten. Oversiktav-Fin. Vetenskaps Soc. Forh. 1920, 63, 1-21.

Study, E. Konforme Abbildung Einfachzusammenhangender Bereiche; B. C. Teubner: Leipzig/Berlin, Germany, 1913.

Kaplan, W. Close-to-convex schlicht functions. Mich. Math. ]. 1952, 1, 169-185. [CrossRef]

Noor, K.I. On quasi-convex functions and related topics. Int. J. Math. Math. Sci. 1987, 10, 241-258. [CrossRef]

Duren, P.L. Univalent functions. In Grundehren der Math. Wiss.; Springer: New York, NY, USA, 1983; Volume 259.

Goodman, A.W. Univalent Functions; Mariner: Tampa, FL, USA, 1983; Volume I, II.

Hayman, W.K. Multivalent Functions; Cambridge University Press: Cambridge, UK, 1967.

Robertson, M.S. On the theory of univalent functions. Ann. Math. 1936, 37, 1374-1408. [CrossRef]

Lindelof, E. Mémoire sur certaines inégalitis dans la théorie des functions monogénses et sur quelques propriété s nouvelles de ces
fonctions dans levoisinage dun point singulier essentiel. Ann. Soc. Sci. Fenn. 1909, 35, 1-35.

. Lewin, M. On a coefficient problem for bi-univalent functions. Proc. Am. Math. Soc. 1967, 18, 63-68. [CrossRef]
. Brannan, D.A.; Cluni, J. Aspects of contemporary complex analysis. In Proceedings of the NATO Advanced Study Institute Held at

University of Durham; Academic Press: New York, NY, USA, 1979.

Netanyahu, E.The minimal distance of the image boundary from the origin and the second coefficient of a univalent function in
|z| < 1. Arch. Ration. March. Anal. 1967, 32, 100-112.

Styer, D.; Wright, D.J. Results on bi-univalent functions. Proc. Am. Math. Soc. 1981, 82, 243-248. [CrossRef]

Tan, D.L. Coefficient estimates for bi-univalent functions. Chin. Ann. Math. Ser. A 1984, 5, 559-568.

Srivastava, H.M.; Mishra, A K.; Gochhayat, P. Certain subclasses of analytic and bi-univalent functions. Appl. Math. Lett. 2010, 23,
1188-1192. [CrossRef]

Brannan, D.A_; Taha, T.S. On some classes of bi-univalent function. Study. Univ. Babes Bolyai Math. 1986, 31, 70-77.

Hayami, T.; Owa, S. Coefficient bounds for bi-univalent functions. Pan Am. Math. J. 2012, 22, 15-26.

Khan, S.; Khan, N.; Hussain, S.; Ahmad, Q.Z.; Zaighum, M.A. Some classes of bi-univalent functions associated with Srivastava-
Attiya operator. Bull. Math. Anal. Appl. 2017, 9, 37-44.

Srivastava, H.M.; Bulut, S.; Caglar, M.; Yagmur, N. Coefficient estimates for a general subclass of analytic and bi-univalent
functions. Filomat 2013, 27, 831-842. [CrossRef]

Xu, Q.H.; Xiao, H.G,; Srivastava, H.M. A certain general subclass of analytic and bi-univalent functions and associated coefficient
estimate problems. Appl. Math. Comput. 2012, 218, 11461-11465. [CrossRef]

139



Axioms 2023, 12, 600

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Srivastava, H.M.; Gaboury, S.; Ghanim, F. Coefficient estimates for some general subclasses of analytic and bi-univalent functions.
Afr. Mat. 2017, 28, 693-706. [CrossRef]

Atshan, W.G.; Rahman, .A.R.; Alb Lupas, A. Some results of new subclasses for bi-univalent functions using quasi subordination.
Symmetry 2021, 13, 1653. [CrossRef]

Oros, G.I.; Cotirla, L.I. Coefficient estimates and the Fekete-Szeg6 problem for new classes of m-fold symmetric bi-univalent
functions. Mathematics 2022, 10, 129. [CrossRef]

Alb Lupas, A.; El-Deeb, S.M. Subclasses of bi-univalent functions connected with integral operator based upon Lucas polynomial.
Symmetry 2022, 14, 622. [CrossRef]

Al Amoush, A.G.; Murugusundaramoorthy, G. Certain subclasses of A-pseudo bi-univalent functions with respect to symmetric
points associated with the Gegenbauer polynomial. Afr. Mat. 2023, 34, 11. [CrossRef]

Khan, B.; Liu, Z.G.; Shaba, T.G.; Araci, S.; Khan, N.; Khan, M.G. Applications of g-derivative operator to the subclass of bi-univalent
functions involving g-Chebyshev polynomials. J. Math. 2022, 7, 8162182

Amini, E.; Al-Omari, S.; Nonlaopon, K.; Baleanu, D. Estimates for coefficients of bi-univalent functions associated with a fractional
q -difference operator. Symmetry 2022, 14, 879. [CrossRef]

Amourah, A.; Frasin, B.A.; Swamy, S.R.; Sailaja, Y. Coefficient bounds for Al-Oboudi type bi-univalent functions connected with a
modified sigmoid activated function and k-Fibonacci numbers. J. Math. Comput. Sci. 2022, 27, 105-117. [CrossRef]

Swamy, S.R.; Bulut, S.; Sailaja, Y. Some special families of holomorphic and Salagean type bi-univalent functions associated with
Horadam polynomials involving modified sigmoid activation function. Hacet. J. Math. Stat. 2021, 50, 710-720. [CrossRef]
Amourah, A.; Frasin, B.A.; Ahmad, M.; Yousef, F. Exploiting the Pascal distribution series and Gegenbauer polynomials to
construct and study a new subclass of analytic bi-univalent functions. Symmetry 2022, 14, 147. [CrossRef]

Gong, S. The Bieberbach conjecture, translated from the 1989 Chinese original and revised by the author. AMS/IP Stud. Adv. Math.
1999, 12, MR1699322.

Faber, G. Uber polynomische Entwickelungen. Math. Ann. 1903, 57, 1569-1573. [CrossRef]

Hamidi, S.G.; Jahangiri, ].M. Faber polynomials coefficient estimates for analytic bi-close-to-convex functions. Comptes Rendus
Math. 2014, 352, 17-20. [CrossRef]

Hamidi, S.G.; Jahangiri, ]. M. Faber polynomial coefficient estimates for bi-univalent functions defined by subordinations. Bull.
Iran. Math. Soc. 2015, 41, 1103-1119.

Bulut, S. Faber polynomial coefficient estimates for a comprehensive subclass of m-fold symmetric analytic bi-univalent functions.
J. Fract. Calc. Appl. 2017, 8, 108-117.

Bulut, S. Faber polynomial coefficients estimates for a comprehensive subclass of analytic bi-univalent functions. Comptes Rendus
Math. 2014, 352, 479-484. [CrossRef]

Bulut, S. Faber polynomial coefficient estimates for certain subclasses of meromorphic bi-univalent functions. Comptes Rendus
Math. 2015, 353, 113-116. [CrossRef]

Hamidi, S.G.; Halim, S.A.; Jahangiri, ].M. Faber polynomial coefficient estimates for meromorphic bi-starlike functions. Int. J.
Math. Math. Sci. 2013, 2013, 498159. [CrossRef]

Hamidi, S.G.; Halim, S.A.; Jahangiri, ]. M. Coefficient estimates for a class of meromorphic bi-univalent functions. Comptes Rendus
Math. 2013, 351, 349-352. [CrossRef]

Hamidi, S.G.; Jahangiri, ].M. Faber polynomial coefficients of bi-subordinate functions. Comptes Rendus Math. 2016, 354, 365-370.
[CrossRef]

Altinkaya, S.; Yalcin, S. Faber polynomial coefficient bounds for a subclass of bi-univalent functions. Comptes Rendus Math. 2015,
353, 1075-1080. [CrossRef]

Attiya, A.A.; Yassen, M.F. A Family of analytic and bi-univalent functions associated with Srivastava-Attiya Operator. Symmetry
2022, 14, 2006. [CrossRef]

Srivastava, H.M.; Eker, S.S.; Ali, R M. Coefficient bounds for a certain class of analytic and bi-univalent functions. Filomat 2015, 29,
1839-1845. [CrossRef]

Wang, R.; Singh, M.; Khan, S.; Tang, H.; Khan, M.f.; Kamal, M. New applications of Faber polynomial expansion for analytical
bi-close-to-convex functions defined by using g-calculus. Mathematics 2023, 11, 1217. [CrossRef]

Khan, M.E; Khan, S.; Hussain, S.; Darus, M.; Matarneh, K. Certain new class of analytic functions defined by using a fractional
derivative and Mittag-Leffler functions. Axioms 2022, 11, 655. [CrossRef]

Khan, N.; Khan, S.; Xin, Q.; Tchier, F.; Malik, S.N.; Javed, U. Some applications of analytic functions associated with g-fractional
operator. Mathematics 2023, 11, 930. [CrossRef]

Khan, S.; Altinkaya, S.; Xin, Q.; Tchier, E; Malik, S.N.; Khan, N. Faber polynomial coefficient estimates for Janowski type
bi-close-to-convex and bi-quasi-convex functions. Symmetry 2023, 15, 604. [CrossRef]

Srivastava, H.M.; Gaboury, S.; Ghanim, F. Coefficients estimate for some subclasses of m-fold symmetric bi-univalent functions.
Acta Univ. Apulensis Math. Inform. 2015, 41, 153-164.

Srivastava, H.M.; Gaboury, S.; Ghanim, F. Initial coefficients estimate for some subclasses of m-fold symmetric bi-univalent
functions. Acta Math. Sci. 2016, 36, 863—971. [CrossRef]

Srivastava, H.M.; Zireh, A.; Hajiparvaneh, S. Coefficients estimate for some subclasses of m-fold symmetric bi-univalent functions.
Filomat 2018, 32, 3143-3153. [CrossRef]

140



Axioms 2023, 12, 600

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.
61.

62.

63.
64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

Sakar, EM.; Tasar, N. Coefficients bounds for certain subclasses of m-fold symmetric bi-univalent functions. New Trends Math. Sci.
2019, 7, 62-70. [CrossRef]

Wanas, A K.; Pall-Szab6, A.O. Coefficient bounds for new subclasses of analytic and m-fold symmetric bi-univalent functions.
Stud. Univ. Babes Bolyai Math. 2021, 66, 659—-666. [CrossRef]

Motamednezhad, A.; Salehian, S.; Magesh, N. Coefficint estimates for subclass of m-fold symmetric bi-univalent functioms.
Kragujev. . Math. 2022, 46, 395-406. [CrossRef]

Aldawish, I.; Swamy, S.R.; Frasin, B.A. A special family of m -fold symmetric bi-univalent functions satisfying subordination
condition. Fractal Fract. 2022, 6, 271. [CrossRef]

Breaz, D.; Cotirld, L.I. The study of coefficient estimates and Fekete-Szegt inequalities for the new classes of m-fold symmetric
bi-univalent functions defined using an operator. J. Inequalities Appl. 2023, 2023, 15. [CrossRef]

Tang, H.; Srivastava, H.M.; Sivasubramanian, S.; Gurusamy, P. Fekete-Szeg6 functional problems of m-fold symmetric bi-univalent
functions. J. Math. Ineq. 2016, 10, 1063-1092. [CrossRef]

Motamednezhad, A.; Salehian, S. Certain class of m-fold functions by applying Faber polynomial expansions. Stud. Univ. Babe
s-Bolyai Math. 2021, 66, 491-505. [CrossRef]

Al-shbeil, I; Khan, N.; Tchier, F; Xin, Q.; Malik, S.N.; Khan, S. Coefficient bounds for a family of m-fold symmetric bi-univalent
functions. Axioms 2023, 12, 317. [CrossRef]

Srivastava, H.M.; Sivasubramanian, S.; Sivakumar, R. Initial coefficient bounds for a subclass of m-fold symmetric bi-univalent
functions. Tbilisi Math. J. 2014, 7, 1-10. [CrossRef]

Jackson, FH. On g-functions and a certain difference operator. Earth Environ. Sci. Trans. R. Soc. Edinb. 1909, 46 , 253-281. [CrossRef]
Ismail, M.E.H.; Merkes, E.; Styer, D. A generalization of starlike functions. Complex Var. Theory Appl. Int. ]. 1990, 14, 77-84.
[CrossRef]

Aldweby, H.; Darus, M. Some subordination results on g -analogue of Ruscheweyh differential operator. Abstr. Appl. Anal. 2014,
2014, 1-6. [CrossRef]

Kanas, S.; Raducanu, D. Some class of analytic functions related to conic domains. Math. Slovaca 2014, 64, 1183-1196. [CrossRef]

Mahmood, S.; Sokol, J. New subclass of analytic functions in conical domain associated with ruscheweyh g-differential operator.
Results Math. 2017, 71, 1-13. [CrossRef]

Srivastava, H.M. Univalent functions, fractional calculus, and associated generalized hypergeometric functions, in univalent
functions. In Fractional Calculus; and Their Applications; Srivastava, H.M., Owa, S., Eds.; Halsted Press: Chichester, UK; John Wiley
and Sons: New York, NY, USA, 1989; pp. 329-354.

Gasper, G.; Rahman, M. Basic hypergeometric series (with a Foreword by Richard Askey). In Encyclopedia of Mathematics and Its
Applications; Cambridge University Press: Cambridge, UK, 1990; Volume 35.

Purohit, S.D.; Raina, R K. Certain subclasses of analytic functions associated with fractional g-calculus operators. Math. Scand.
2011, 109, 55-70. [CrossRef]

Srivastava, H.M.; Choi, J. Zeta and g-Zeta Functions and Associated Series and Integrals; Elsevier Science Publishers: Amsterdam,
The Netherlands; London, UK; New York, NY, USA, 2012.

Srivastava, H.M. Operators of basic (or g-) calculus and fractional g-calculus and their applications in geometric function theory of
complex analysis. Iran. J. Sci. Tech. Tran. A Sci. 2020, 44, 327-344. [CrossRef]

Srivastava, H.M. Some parametric and argument variations of the operators of fractional calculus and related special functions
and integral transformations. J. Nonlinear Convex Anal. 2021, 22, 1501-1520.

Selvakumaran, K.A.; Choi, J.; Purohit, S.D. Certain subclasses of analytic functions defined by fractional g-calculus operators.
Appl. Math. E-Notes 2021, 21, 72-80.

Airault, H. Symmetric sums associated to the factorizations of Grunsky coefficients. In Groups and Symmetries: From Neolithic Scots
to John McKay; American Mathematical Society: Washington, DC, USA, 2007; Volume 47, p. 3.

Airault, H.; Bouali, H. Differential calculus on the Faber polynomials. Bull. Sci. Math. 2006, 130, 179-222. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

141



|§| axioms

Article

Some New Bullen-Type Inequalities Obtained via Fractional
Integral Operators

Asfand Fahad 1%, Saad Thsaan Butt 300, Bahtiyar Bayraktar (), Mehran Anwar 3 and Yuanheng Wang »*

check for
updates

Citation: Fahad, A.; Butt, S.I,;
Bayraktar, B.; Anwar, M.; Wang, Y.
Some New Bullen-Type Inequalities
Obtained via Fractional Integral
Operators. Axioms 2023,12, 691.
https://doi.org/10.3390/
axioms12070691

Academic Editor: Chris Goodrich

Received: 10 June 2023
Revised: 6 July 2023

Accepted: 12 July 2023
Published: 16 July 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Mathematical Sciences, Zhejiang Normal University, Jinhua 321004, China;
asfandfahad1@zjnu.edu.cn or asfandfahad1@bzu.edu.pk

Centre for Advanced Studies in Pure and Applied Mathematics, Bahauddin Zakariya University Multan,
Multan 60800, Pakistan

3 Department of Mathematics, COMSATS University Islamabad, Lahore Campus, Lahore 54000, Pakistan;
saadihsanbutt@gmail.com (S.I.B.); mehrananwar140@gmail.com (M.A.)

Department of Mathematics and Science Education, Uludag University, Bursa 16059, Tiirkiye;
bbayraktar@uludag.edu.tr

Correspondence: yhwang@zjnu.cn

Abstract: In this paper, we establish a new auxiliary identity of the Bullen type for twice-differentiable
functions in terms of fractional integral operators. Based on this new identity, some generalized
Bullen-type inequalities are obtained by employing convexity properties. Concrete examples are
given to illustrate the results, and the correctness is confirmed by graphical analysis. An analysis is
provided on the estimations of bounds. According to calculations, improved Holder and power mean
inequalities give better upper-bound results than classical inequalities. Lastly, some applications to
quadrature rules, modified Bessel functions and digamma functions are provided as well.
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1. Introduction

Convexity (concavity) has many applications in several fields, which include math-
ematics, economics, finance, engineering and computer science. Numerous noteworthy
inequalities and properties can be found in various categories of mathematics employing
convexity (concavity) theory (see [1-4]). The unique global minimum in convex optimiza-
tion problems can be efficiently located by applying a variety of optimization methods,
including gradient descent, Newton’s method and interior-point approaches. In applied
problems, especially in optimization problems, the role of the concept of convexity is well-
known. This concept, along with the functions derived from it, has a special place in the
theory of integral inequalities; for example the inequalities of Jensen, Hermite, Simpson,
Bullen, etc. (see [5-7]). Here, we first recall some necessary definitions and inequalities
(see [8] and references therein).

Definition 1. The function i : [0*, 0*] — R is said to be convex if we have
pleo+ (1 —e)y) < eplp) + (1 —e)y(y),
forall p,y € [0%,0%| and e € [0,1]. If — is convex, then  is concave.
The double Hermite-Hadamard inequality (hereinafter the Hadamard inequality),

widely known in the theory of inequalities, is closely related to convex functions. This
inequality is formulated in the literature as follows:
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Let ¢:[0*, 0*] — R be a convex function. Then, we have the following double inequality:

o(TFE) < i [ vtee < U THE), &

Many important inequalities have been established in the literature for various classes
of convex functions and classes derived from them (for example, see [2,9-11]).

In [12], Bullen proved the following inequality, which is known as Bullen’s inequality,
for the convex function ¢:

e

The well-known Bullen’s inequality was first presented by Bullen in 1978 [12]. Due to their
outstanding uses, Bullen-type inequalities have garnered a lot of interest. Bullen’s inequality
is a topic that many scientists and mathematicians are very interested in and concerned
about because of its importance in many different domains. Bullen’s inequality has drawn
a lot of interest from scholars, who have worked hard over the years to enhance and
generalize it. Numerous researchers have generalized the well-known Bullen’s inequality
in its conventional form for various subcategories of convex functions. Recently, there
have been many interesting and attention-grabbing studies in the literature devoted to
improving and generalizing Bullen-type inequalities. For example, some of these works
are listed below.

In [13], Cakmak established some inequalities of the Hadmard and Bullen types for
Lipschitzian functions. In [14], Cakmak presented Bullen-type inequalities via fractional in-
tegral operators for differentiable convex and h—convex functions and gave good examples.
In [15] (see also [16]), Erden and Sarikaya established generalized Bullen-type inequalities
using local fractional integrals and some applications for special means were given. In [17],
Iscan et al. obtained some generalized Hadamard- and Bullen-type inequalities for con-
vex functions and described some applications and error estimates for the left and right
Hadamard inequalities. In [18], Hussain and Mehboob, using the generalized fractional
integral identity, derived new estimates for the Bullen-type functional for (s, p) —convex
functions. In [19], Yasar et al. presented the Bullen-, midpoint-, trapezoid- and Simpson-
type inequalities for s-convex functions in the fourth sense. In [20], Boulares et al. presented
fractional multiplicative Bullen-type inequalities, along with some applications, using mul-
tiplicative calculus. Recently, in [21], Bahtiyar et al. gave a uniform treatment of fractional
Bullen-type inequalities to provide a concrete estimation analysis of bounds using Lipschitz
functions, mean value theorem and convexity theory.

It was inevitable that fractional calculus would arise using arbitrary-order integrals
and derivatives. Due to its applicability in numerous fields of science and engineering,
this topic has gained considerable prominence. The fact that researchers have over time
suggested more efficient solutions to physical phenomena attuned to new operators with
dominant kernels is a significant difference in this subject. Fractional derivatives play an
important role in a number of mathematical problems and the corresponding practical
consequences [22,23]. The fractional calculus approach has recently been employed to
define the intricate dynamics of problems in real-life scenarios in several branches of
applied science domains. There are numerous uses in the literature [24,25]. Fractional
calculus has been widely employed to achieve novel results in the theory of inequality,
connecting fractional operators through the idea of convexity (see [26-30]). We need the
following definition of classical integral operators:

Definition 2 ([23]). Let i € L[9*, 0*]. The Riemann—Liouville integrals ]g*g,b and ]2‘*,1/) of
order « > 0 with &* > 0 are defined by

et (0) = g =0y, o> o

*
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and .
1

o () = 1y /p ‘-0 g,  p<q

o

respectively, where T(a) = [° e "*u*~'du. Here we have J%, ¢ (x) = J)_¢(p) = ¢(p). In the
case of « =1, the fractional integral reduces to the classical integral.

Two classical inequalities—namely, the Holder inequality and its other form—and the
power mean inequalities have been used frequently in the development of the theory of
integral inequalities.

Theorem 1 (Holder inequality). Let p > 1, + | = Land (e)g(e) : [¢0",0"] — R If
lp|?,|g|7 € L[9*, 0*], then

[ iwerstee < ([ era) : ([ sterae) i’ ®

for which equality holds if and only if A|y(e)|P = B|g(e)|7 almost everywhere, where A and B
are constants.

Theorem 2 (Improved Holder integral inequality [31]). Let p > 1, % + % = 1 and
ple)gle):[07, "] — RIF [9lP, |g]7 € L[8", ¢7], then
Q*
/., 1w(©g(e)lde @

< 25 ([ @ —awera) ([ e - o)’

ot ([ e o) ([ e oigore)

* *

Theorem 3 (Power mean inequality). Let g > 1, % + % = Tand p(e),g(e) : [0*,0"] — R. If
lp|?,|g|7 € L[9*, 0*], then

INICTCIE A ¢<e>|ds)1’1’ ([

Theorem 4. [Improved power mean integral inequality [32]] Let ¢ > 1 and (¢), g(¢):[0*, 0*]
— R If ||, |g|7 € L[9*, 0*] are the integrable functions on [0*, 0*|, then

*

|¢<e>||g<e>|"de) " )

[ @z ©
1

< s /ﬁf*w* - e>|¢<e>|de)l‘% ( /f(e* - e>|¢<e>ug<ewde)%

*

s (el ([ e omlsera)’

=

In [33], U. Kirmaci proved the following lemma.
Lemma 1. Let ¢ : [8*,0*] = R and ¢ € C2(8*,0*) with " € L[8*, 0*]. Then, we have

*_19*2 * 9* * 9* *
(Gl s - )<11+12):g*119* /; lp(s)ds—;[lp( );l”(g)wp(;g )] @)

where
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1/2
L = /0 e(e —05)p" (0 "e+ 0" (1 — e))de,

1
L = /1/2(8 —0.5)(e — )¢ (9% + 0" (1 — ¢))de.

The main objective of this paper is to obtain some generalized Bullen-type inequalities
for continuously differentiable functions. We first establish an identity of the Bullen type for
twice-differentiable functions in terms of fractional integral operators. Based on this new
identity, some generalized Bullen-type inequalities are obtained by employing convexity
properties. Concrete examples are constructed to illustrate the results, and the correctness
is verified by graphical analysis. An analysis is provided on the estimations of bounds.
According to calculations, improved Holder and power mean inequalities give better upper-
bound results than classical inequalities. Lastly, some applications to quadrature rules,
modified Bessel functions and digamma functions are provided as well.

2. Main Results

We start the results in this section by proving the following lemma.

Lemma 2. Let :[0%,0*] — R and ¢ € C2(8*,0%) with " € L[8*,0*]. When Vs € [0,1],
the equality holds:
1
9(e) — F{ 2 [1pter) 4 12 (8] = [+ () + (1= 01 o)
(¢" —8)’

BN (L + L), ®

I'(a+1)
bt (1] (@0

I = /O%s"‘(%— ) (0% e+ 0" (1 — ¢))de,

1
b :/ (€ — 5)(1 — €)* " (9% + 0* (1 — ) )de.

4

where ¢ = »x0* + (1 —x)0*, « > 1, F=

Proof. By integrating the first integral by parts twice, we get

__; o a—1 _ | (0% * _
L= 19*7@*/0 [eaet 1 — (+1)et| ¢/ (8% + " (1 — e))de

”

P(ed” + (1 —¢)o")

1 [sewe* ! — (a+1)e
9 — Q* e Q*
_19*iq* /0% [mx(a —1)e* 2~ (a + 1)0(8”‘71} Pp(O*e+ 0" (1— s))ds]

= Wlﬁ(c) e —1)

- (f;‘tz)")‘z /0 (8% + 0% (1 — €))de.

After changing the variable 9*¢ + 0*(1 —¢) = z, we get

L = /()%s"‘(s— ) (0% e+ 0" (1 —¢))de
B D . sa(a—1) [ 0 —z \* 72 z—o*
- (Q*—t?*)ﬂp( )+(Q*—z9*)2 /e*(e*—ﬂ*) lp(z)d(ﬁ*—e*)

e () ()

0

/0% e 2y(ed* + (1 —e)o*)de
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" sa(w—1) (9 [ o* —z \*?
STk (;@ ﬂ*)g / (Qg - §*> P(2)dz

B (55 o

P »[(a+1)

e e

For the I, we can write

I(a+2)

J5 (o) — m]ﬁq}(@*)-

I = /1(5 —5)(1—¢)"¢" (0 e+ 0" (1 — ¢))de

Ve

=(1-x) /1(1 — )"y (0% e+ 0" (1 —¢))de

»

_ /1(1 _ %)a+1¢//(19*£+e*(1 —S))d&‘,

Vs
and, similarly to the first integral, we obtain

(1= (1=5)T(x+1)
P ﬂ*)zw(c) T e

I'(a+2)

a—1 9% —
e -

Je-(87),

%F(D[—i—l) a—1 *)
(Q* _19*)0(+1]C+ ¢(Q )

(1—5)® (1—-)(e+1)

(0" — ﬂ*)zlp(c) T e

A (1= 0" B I'(a+2)
"oy 'Y { (0" — 07

B I(a+1)
(g —0%)*"!

m]g+¢(0*) 9

a—1 *\ F(Dé—i-Z)
) -

7"
I I =
k= _ﬂ*)2¢(6)+

JEw(8%)
5 p(0*) + 2 p(8)]

[ ) + (L= ) (o) }

Multiplying both sides of Equation (9) by %g ;

A We complete the proof. [

Remark 1. From Equation (8), for » = % and a = 1, we have Equation (7).

Theorem 5. Let :[0*,0*] — R and ¢ € C2(9*,0%). If ¢ € L[0*,0*] and | ¢"| is a convex
function, then the inequality

(e = FLEE L [l + 1 p(00)] = [t o) + (1= 01 o00)] |

*_19*2 11/ g% "o o x
< Oy (00) | + ety (@), 0

holds Vo > 1. Here,
(uc + 1)%a+3 + (Dc +3)%(1 _ J{)oz—&-Z +2(1 _ %zx+3)
(@ +1)(a+2)(a+3) ’
(04+3)%“+2 _ (zx—l— 1)%a+3 + (tx 4 1)(1 _ %)tx+3
(@ +1)(a+2)(a+3) ’

and F and c are defined above in Lemma 2.

Proof. From Lemma 2, taking into account that | | is convex, we obtain
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v {1 [mve >+f§t¢<l9*>} - [t + = ar ) ||

S%’J‘(Q*(_lﬂ*)) / | (5c — e) " (e8" + (1 —€)0™) |de

+/| — ) (1~ )”‘w”(ﬂ*em*(l—s))ue]

P 1
- %”Ei(l)) [ (8%)| (/0 e (x—e)e+ /% (e—5)(1— s)”‘s)ds
P 1
@ ([0 -0+ [ e -t el
By solving the integrals and taking into account notations, we get

< O g (0°) |+ el ()

The proof is completed. O

Corollary 1. If we choose = 4 and & = 1, then, from Equation (10), we obtain

’;{l,,(ﬁ*;e*%t/ﬂ(e*);ww*)} —Q*ig* [ viert

* 9k )2
< @ T e 1+ v @],

andif || 9" loo= SUPyc g oo 97 (6)], then
LT (040" | ple)+p(®)] 1 e
() O

This inequality was obtained by Kirmaci in [33] (see Corollary 1 for m = 1, Remarks 1 and 3) and
by Dragomir and Pearse in [2] (see Corollary 13).

< @y

Theorem 6. Let :[0%,0*] — R and ¢ € C2(8%,0%). If¢" € L[9¢*,0*] and | ¢"|" is a convex
function, then inequality

(o)~ F{ S (1w + 12 90)] = [ o) + (-0 o) |

< MA{% 2197 (6°) 1+ (2 = )19 (0"} 1] ay
A=) (1= 52) 19007+ (L= 529 (01 ‘1’}
holds Vo > 1, q > 1. F and c are defined above in Lemma 2, and A:(lim‘%.
Proof. From Lemma 2, taking into account the properties of the modulus, we obtain
(o) F{ L ) I p()] - [ e + (g e |
< ACT i+ e 12

By using the Holder inequality (Equation (3)), and since | |7 is a convex function
for the first integral |I;|, we have

147



Axioms 2023, 12, 691

] < [T Gem o)y (0 + 0" (1 - ) |de

< ([ eremepad) ([ oo+ - ol )

Let us calculate the integrals.
Considering that |x + y|¥ < 2P71(|x|P + |y|”) for p > 0 and x,y € R, we have:

x x »
/ e"‘p(%—e)pds:/ |e"‘p(%—£)p|de§/o |e"P|(|5¢| + |e])Pde
0 Jo
V4
<2 [T Jer| (5] + Je]?)de
0

B 2P~ 13 %apHp (2 4 2ap + p)
(I 4ap)(I+ap+p)

=

7

and

[ el + - ely @) e = 2 o) + 22 g

Thus, for first integral, we get

1
q

2P*1%1+0¢P+P(2+2ap_._p) % %2 I [ q* %(2_%> NN :
|11|§[ A ap)d rap ) ] [zw @)+ ==—1lv (e)ﬂ
_ [Tt (24 2ap + p) v 11( g% _ PISPNTAT
— [ R D L2y ) 2 -l @) 09)

Similarly, for the second integral, we can write

e /:(8_ 2)(1— )" (8 + ¢"(1 — &) |de
: (/: =)0~ 3)“]’7‘18) % (/:"P"(ﬁ*s +o" (1~ S)Wdf) %,

and, after solving the integrals, we have

/1 [(e—5) (1 —¢)*]Pde = /1_%(1 — % —z)Pz"dz
o

»
1—2
< 2’”_1/ [(1— )P 4 2P| 2"Pdz
0

24 2ap+p
1+ap)(1+ap+p)

— 2;771(1 _ %)p+txp+l

and

_,2 Y
/: [5’4’//(19*)‘!1 +(1— 5)‘4’”(9*)“}518 = 17147”(19*)"1 + %Wﬁ(é’*)ﬂ

In this way, for the second integral, we get

242ap+p F
(1+ap)(1+ap+

(1

‘12| < [zpl(l _ %)1+ucp+p ;
_ 2
e+ S )]

= (=

N T P Sva  ueT
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By summing [; and I, and taking into account Equation (12) and the notations, we get
Equation (11). The proof is completed. [J

Corollary 2. If we choose s = % and o =1, from Equation (11), we get

‘;{¢<ﬂ*;e*>+¢(@*);¢(ﬁ*)} _9*119* /lflp(s)ds

(" =0 g [ T1" ()17, 39" (e")I"]
=7 SH ]

(14)

2 2
1
3[p"(8)|7 | [¢"(e)|7]7
_ 2+3p
where S = AFp) )"

Theorem 7. Let :[0*,0%] — R and ¢ € C2(8*%,0%). If ¢ € L[9*,0*] and | ¢""|" is a convex
function, then inequality

(o) F{ L )+ I ()] = [ e + (g |
< m{]gi (1+ap,2+p) [%“+2M1 +(1- %)“+2M3:| (15)

B (ap+2,1+ p) [ 2My + (1 - 507 2My }
holds Yo > 1, q > 1. F and c are defined above in Lemma 2, and B(.,.) is the Euler beta function,
- 1
My — "(8%) 9 " 1
= |Zwre (- 2) e
- 1
M — 2 19* q // 1
2= G+ (35|
- 1
Y= wya 1 1-» 1igen ]
1

[1— "% 1 1- 11 ( Q% 1
M= [l @l + (55 el

Proof. By using the improved Holder inequality (Equation (4)) for the I; from Equation (12),

we get
|I1|</ (s —¢)||g" (0 e+ 0" (1 —¢))|de
< ([ ateteorae) ([T oweerea- o)
1 g 1 P 1
+ %(/O Sg“(%g)|!7d€> 4 </0 €|1’[JN(19*8+Q*(1 8))|qd5>q
1 % 3 P - . 1
= %</0 (%—8)1+ngcpds>”(/o (s—e)|p" (% e+o (1—5))|qd£>‘4
F (e ([T e et -eppae)
Here,
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% 1
[ e et rende = [ e o)t o) e
0 0
1
- %:xp+2+P/ 2P (1 —z)"Pdz = 5P T2PB(1+ap, 2+ p)
0

» 1
/ TP (5 — g)Pde = / (3¢ — 22)P (522) 74P 22dz
0 0

1
_ %txp-‘rZ-i-p/ Zl—i—/xp(l _ z)pdz — %ﬂép+2+PB(06p +2,1+ p)/
0

Using the definition of convexity,
»

/%(%—s)\lp"(eﬂ*—i—(l—st) “)|7de < |y ﬂ*)y”/o H(5¢ — €)de

0

+19" ()" / e)(1— )de
58 . P .
=17+ (2 - 6) ¥ ()"

- P x

/ elp” (8% e+ 0*(1—¢))|7de < |9" (8%) ]q/ 82d€+‘¢"(g*)’q/0 e(1—e)de
0

: 2
X 9% | n "
—3|1P(19)|+<2 3>|¢ I

Thus,wehave )
apt+2+p 1{3 2 7

B <7 B <1+m2+p>[ ()" + (2— )|¢”<e*>|ﬂ
1

q

ap+2+p 1

+a 7 B (ap+2, 1+v){%3! "(a)]"+ <};2—%33)|1/7N(Q*)‘q}

1 e 1 1% g
= 5287 (14 ap,2+ p) [:!w’ (89)]" + (22{)\#} (o )!q]q

4 2B (ap + 2,14 p) KW”(&*)W + (; - Z) ’lP”(Q*)r]] !

First, in I, replace € with 1 — ¢; then, by using the improved Holder inequality

(Equation (4)), we can write
1
|I2| S/ (e = 2) (1 —&)"| [y (9"e + 0" (1 —¢)) |de
1—3¢
= [Tl e (1 - )8 0" e

_/ (T — &)e*| [ (1 — €)9* +e0*)|de, here (T=1— 5)

< i(/OT(T_g)Hpszxpdg); (/OT(T—S)| o (e0" + (1 —8)19*)|ﬂdg)}7

=y Te”%—e)”ds); ([ elyteer + (1= eperypnae) "

Similarly, for I, we get

1 1—- 1" % 1 1-— 1 ¢ g% 7
L < (1-5)"?Br (1+ap,2+p) {6%|¢ ()" + <2—6%)|¢ (9 )lq]q

N 1 1-— "oox 1 1 11 gk
+1=0 B ap 2,140 S E @+ (5 55 el
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After summing the integrals and groupings, taking into account the accepted notation,
we get )
] + | < BY(1+ap, 2+ p) [#F2My + (1 - )M

1
+ B (ap+2,1+p) [z’”zMz +(1— %)“+2M4] .

Taking into account the last inequality, from Equation (12), we obtain Equation (15). The proof
is completed. [

Corollary 3. If we choose s = % and « =1, then, from Equation (15), we obtain

al () ] - e [ vt

l9¥

(16)

*719*2 1 B B 5 5
< u13%(1+p,2+p)(M1+M2+M3+M4),

16
where : 1
1 (0% |9 "M Ax\ |19\ @ 11 (a%x\ |9 " A%\I19\ 7
M1:<|"b g)\ +5!¢1(2£))|)4’M2:<|¢ (g)l Ly (3@)|>”’
1A%\ 9 //>s<¢7l 11 ~%\ 1|9 //*ql
M3:<I¢ gg)I +5\¢1(£9)I)"1M4:(|¢ (6Q)| Ly (g)l)q_

Remark 2. If we use the inequality |x +y|P < 2P~ 1(|x|F + |y|F) for p > 0 and x,y € R, then

we will have
1 1 1 1
p r
(1+p2+p) = (/ zp(l—Z)””dz> < 2(/ zr’(1+z1+r’)dz)
0 0

1
1 1 P 3 r
o —— ) =22 |
<1+P+2P+2> L(HPJ

i.e., the inequality in Equation (16) will take the form:

==

B

*

’Hlp(ﬂ*;@*) +l,b(e*);t,b(ﬂ*)} Q*iﬁ* /Q P(e)de

19*

1

<e*—19*>2[ 3 ] N
< M M M My).
< 3 20+p) (My +M; + M3 + M,)

Theorem 8. Let :[0*, 0] — R and ¢ € C2(8*,0%). If¢" € L[8*,0*] and | ¢"|¥ is a convex
function, then inequality

(o)L )+ 1) - [ e + (g o)

(¢ —8°)?
< m - P (P + P3), (17)

holds Yo > 1, p > 1. F and c are defined above in Lemma 2 and

1
P

1 o]

_ . 1 * (
P= Gy A

(e +1)+2
PS_(l_%)a+2|: (“_'_:)l

1—s)(a+1)+2
a+1

1
P

[ (6°)]7 + (1 - %>|¢"<e*>r”}

Proof. Since | | is a convex function, using the power mean inequality (Equation (5))
for the I; from Equation (12), we have
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o

1

1

p</ (e—e)|y" (0" e+0*(1 ]pds>
0

1-1 1

< ([ete-are) 7( /O”s*<%—s>[s|¢“w*><"+<1—s>|w"<e*>|*’]ds)q-

Let us calculate the integrals:
»” 2212
X2 — e)de = ;
/0 € —e)de (a+1)(a+2)

/()%£a(%—€)[€|l[}//(l9*)’p+(1—8)’1/)” ) |p]ds

= |¢" (6" ]p/%e"‘“(%—e)dwr]lp” )| / )(1 —&)de
4013 ‘ lP// (19*) |P // 22 20 +3 S 12 20 +3

" @+2)(w+3) ")l <a+1_a+2_a+2+a+3>
%a+3\lp”(l9*)|p 202 1 //

T (at2)(a+3) 1x+2(1x+1 a+3>|¢ Rl

_ %NJFZ {%hb//(ﬁ*)’p_'— (1_ )(D‘+1)+2|¢//(Q*>|P}

(e +2)(a+3) a+1
Thus, for first integral, we get
%IX+2 1 p a+2 P

L] < 18
Ihl < [(a+1)(a+2)] [(zx+2)(a+3)] (1%

1

. (1—s)(a+1)+2 v

< {%[1/;”(19 ) GO UL ) ] .

Similarly, for the second integral, we get

bl = [ (=1 -9 (0" + 0" (1 — )| de
< </:(s—%)(1—e)“ds)1; (/:(1—8) )" (e + 0" (1 fpd£>l
- (/01%(1 —z— %)z"‘dz)lé (/01%2"‘(1 —z—3)|yp"((1—z)9* +zq*)|pdz) "

_%a+2 1_%
E (M) Iyl
| / oc+1 —z)dz)

(0= NI At 1 1y
_<(vc+1)(0c+2)> ( >’l” (o)’

a+2 a+1 a+3
(1= " (")) |7
(a+2)(a+3) )

|—

or

1—s

2%(1—z—)(1—2z)dz

S~

=

+

Thus, for the second integral, we have
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1-1 5 1
p (1 o %)a-l- p

(1— )2
(a +2)(a +3)

(o +1)(a+2)

(19)

|L| <

==

%(DC+1)+2 e 1"y ok
< [FEELE2 oy -y ]

By summing Equations (18) and (19), we get

etz |fiea] et

a+2)(w+3
X :%’l/’//(ﬁ‘*)‘p-l- (17%1(3_4{ 1)+2’ "(e )‘pr
r (1 = 3042 1-3 (1 — 5)*+2 g
@t D) @+2)(a+3)
% : (Dcuii_ll WJH 19* |]9 %)’lP//(Q*)‘p:|p
i 1" gk — )« "y ok %
— (a+1)(a+2) |:%|ll] (19 )|P+(1 )0‘(+‘|1‘1)+2|¢ (Q )‘P:|

1

(1_%)a+2 %(0""1)""2 117 %\ | P 1o x| P v

1- .

arD@sn| axr YOI+l

Taking into account the introduced notation and the inequality from Equation (12), we obtain
Equation (17). The proof is completed. [

Corollary 4. If we choose » = % and o = 1, then, from Equation (17), we obtain

1{¢<ﬂ*+g*>+¢(e*)+¢(ﬂ*)} v 119* /lflp(e)ds

h (20)

2 2
_’9* 11 (g% " ? 11 g% 1"y %
< O oy sl e)]* + 3@ + e
96~2P

Proof. For s = % and & = 1 for the components of the inequality in Equation (17), we have
1 I'(a+1)
+ (1=5)" (g — )21

$(e)— Q"‘“ & (0") + T (87)] - {%~15:1¢<q*>+<1—%>-fsrltpw*)}

9 + o* 2 b
:llJ( 2Q)— *ﬂ*[/9+g
0

19* * 2 * 19*
_w( ;Q)—Qhﬂyﬁfwa@+¢@>zw(%

- 7

el + |39+ 30"
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O S —
YT+ ) (w+2) 6

1

P =2l 0+ ST e |

=3(3) e +3le )]

1
P

Pa = (15042 ZEELEZ (0P 4 (1 - oy (1) |

_ é(;)p {3’4)//(19*)‘P+ ‘IIJ"(Q*)IP} %’

("~ 8°)
7+ (1 — 3)

*_19*2 11 (g% 1% %
Pupa ) = Ty o) 3l )
6-8-27

3y (0" + !w”(e*)!’ﬂ};}.
Thus,
[lp(ﬁ* ;e) G ;w(ﬂ*)] - 2 [ e
< (Q* 719*1)2

< { [’lPN(ﬁ*)‘p+3|1P,/(Q*)|p}% + |:3|¢N(19*)’P+ W//(Q*)Vg]
6-8-27

==

b

or

NI~

e\ | ple) +9(9) 1 ¢
G R R A O
* * 2
L)
96 -27

==

|—

{{|¢“w*>|”+3|¢"<e*>|"}’17 + [3ly" (8" + [y (e")"]

b

Theorem 9. Let :[0%,0*] — R and ¢ € C2(8%,0%). If ¢ € L[¢*,0*] and | v"|" is a convex
function on [0*, 0*], then the inequality

O

(e~ F{ [ p(e) + 1 p(07)] = [ (e + (11 o)}

(0" —8*)

< W{B; (& +1,3)[#42P1 + (1= 5)*72P3] (21)

1
+B? (x +2,2) [%WPZ +(1- %)“21’4} }

holds Vo > 1, g > 1, %‘F
beta function,

% = 1. Fand c are defined above in Lemma 2, and B(.,.) is the Euler

= =

B Dé—|—1,3)|lp//(Q*)|q+%B(“+2,3)[|¢//(Q*)|q—‘1/1//(19*)”}} i

(
Bla+2,2)[¢"(0")|" + ¢Bla+3,2) [ (e")|" — |9 (9)]"] },
(
(

=
~

B 0(—1—1,3)’1[)”(19*)“74-(1—%)B(OC+2,3) “lp//(g*)’q_ ’lp//(&*)“q}

=

-
r- |
- |
ri- |

B Dc+2,2)’lp”(l9*)‘q+(1_%)B(IX‘F?),Z) [‘lp//(g*)’q_ ’lpll(ﬁ*)“q} .
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Proof. By using the improved power mean inequality (Equation (6)) for the I; from Equation (12),
we get

B < [ leGe—e)lly" (8" + 0" (1)) lde

1 1

< ([Feemoleteane) ([Tl Gemally o + (- elnae)
([ el €)d€>1—;</0%€|€a(% )||¢”(l9*€+e(15))|qd€>;
([ etemeas) ([ eGPy e - )
(e s>ds)11(/0”s““< >|¢“<ﬂ*s+e<l—e>>|qu)l

» 1
/0 (s —e)?dt = /0 (32)" (3¢ — 22)? 22z
= 13 /01 z%(1 —z)%dz = »*"3B(a +1,3),
/o% M (e —e)de = /01(%2)’”1(% — 2)sedz
= 3*+3 /(: 21 = 2)dz = »*T3B(a +2,2),
and, using the definition of convexity,
| =Pl @e+ 0" (1 ) e
< |y"(9") fq/ e (5 —e)?de + 9" (0") | / 2(1 —€)de
= |y” (19*)['4/0 e (e —e)?de + 9" (0") | [/0 (5 — ¢)2de — /Ohs‘”l(%— s)st}
49" (9%)]"B(a + 2,3) + {%’”3B(¢x +1,3) — 5 HB(a +2,3)|¢" (") \‘7}
B+ 1,3) 9" ()| + 5B +2,3) |97 ()| — ¢ (7)),
and
|G oy (0% + 7 (1 - o)) e
S " 19* | / uc+2 £)d8+‘l/)” ’ / oc+1 1—s)d
= x""B(a+3,2)|[¢"(a)]" + |9 (") (/0 e (5e — e)de — /0% 2 (5 — s)ds)
B +3,2) 9 (0%)|T + | 3B(a+2,2) — B +3,2) |9 (0")]
A B(a+2,2) 9" (0)|" + 5T B(a + 3,2) “l[J”(Q*) |T— 9" (6) |‘7]

Thus, we have
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L] < 2B 0 (0 1,3){B(zx +1,3)|¢" (0"’

= =

—|—%B(0¢+2,3){|¢//( WJ// 19* |'q}
)

+M+231‘%(a+2,2){3(zx+2 2) [ (¢")]"

il

+5B(a+3,2) “4,//( )T~ |9 (87| } }
First, in I, replace € with 1 — ¢; then, by using the improved power mean inequality
(Equation (6)), we can write
1
|| < / (&= 5) (1= &)"|[9" (07 + 0" (1 — ¢))|de
1—3
= / (1= 2e = )" [[9" (1 — )8 + Q") |de

0

I/T|( —e)e"||¢" ((1 — e)0* +e0*)|de, here (T =1— )

1

1-1 .
< (t—e)e|t— £|ds) ! (/o (t—e)e"|t —e||p”(e0™ + (1 — s)ﬂ*)%ls) !

1

17% T q
< T—¢ |£“d£> </0 £|T—£|£“\lp”(sg*—|—(1—8)19*)qde) :

mH

mH

—([e <r—s>2ds)1'%( [ e e e+ (1 - 09" e

T
1

s e 8)d£>1; (et =ely e + @ -eprae)’

T
Similarly, for the second integral, we get

|| < (1= 5)"2B" 0 (« +1,3){ Bla+1,3) " (6") "

1= B+ 2.3)[[9" ()] - 90"}

41— )28 i (a +2,2){B(a+2,2)|y" (")’

==

\ﬁh—l

+(1 = #)B(a+3,2) [ (o")]" — |9 (#)]] }".

After summing the integrals and groupings, taking into account the accepted notation,

we get 1
L]+ || < Blfﬁ(fx +1,3) [%uurzpl (1 %)a+21,3}

1
+B' (0 +2,2) [572P; + (1 - 5 7Py

Taking into account the last inequality and Equation (12), we obtain Equation (21).

The proof is completed. O

Corollary 5. If we choose s = % and o« =1, then, from Equation (21), we obtain
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|

(5L ) + L [ e
<O I6ﬂ*)2 (112>1; Hf()lt/]”(e*)\" - 610|¢,,(19*)|q}3 + {610|¢”(e*>\" - 115|¢"(19*>|‘7};

13//*q1,,* i 1//*{17”*6,&
+{120|¢ (@7 = ggl¥ (19)|} +{40|1P (@) = 155 [#" ()] } ,

(22)

and for g = 1, we get

\;[w(ﬂ*;g*) - "J(Q*)j‘”w*)} L5 [ e

2|: ‘ // i’ //(19*)‘+§‘ //( *)’_i’ //(19*)‘]
g0V 2!¥ 60V @) 3l¥

2

|: ‘ |¢II 19* ’:l

@50 oy (a)] 2140

3. Examples

Let us demonstrate the obtained results with examples.
Example 1. Case one: If we choose (e) = €*,¢ > 0. If we attempt to take 9* = 1,0* = 2

and q € [1.1,10], then the mapping ¢" (e) = 4e? is convex for ¢ > 0, and we can infer that the
inequality in Equation (14) will convert to

q 1—% 1 1
2+3(ﬁ> [|482|q+’4e4|¢71 q N l|4€2|11+|4e4|‘1] q
k) (14 ) ? ?
4

q-1
3 2 4 2
+ —
<{e e e} e e (23)

1
1 ’462‘q+‘4e4|q 7 |462|'7+|4e4’q 7
2 + 2 )

Case two: Let (e) = €%, > 0. If we consider taking q = 2 and ¢* € [1,2], 0* € [3,4], then
we can infer that the inequality in Equation (14) will convert to

Nl—

2 2
]4e2”*‘ n ]4e2@*

2 12
1 (8)5 420+ 4]

8 \15 2 + 2
¢ +o* 20" 20* 20% _ ,20*
< e " et +e e e (24)
2 4 2(0" — %)
12 L2
1 8 : ‘4620 ’ + ‘4629 ’4e2ﬁ ‘ + ’4329
< (= +
=3 (15) 2 2
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The three mappings attained in the Ry, My and Ly in the inequalities in Equation (23) are
drawn out in Figure 1 against q € [1.1,10]. The three mappings deduced from the Ry, My and Ly
in the inequalities in Equation (24) are drawn out in Figure 2 against 9* € [1,2], 0* € [3,4].

80 r . . . F‘"f
20 | ] — Ly
0E
oo b
40 :,-'"'-_
ap L . L 1 1 1
1.5 20 2.5 2.0 3.5 4.0 45 8O

Figure 1. The graphical representation of Example 1 for 8* =1, ¢* = 2 and 4 € [1.1,10].

1.0

|
u

1.8 N~

100

=100

10 ' ' 25 4.0

Figure 2. The graphical representation of Example 1 for 8* € [1,2], o* € [3,4].

Example 2. Case one: We choose P(e) = 5z¢3,e > 0. If we consider taking 8% = 1,0* = 2

and q € [1.1,10], then the mapping ¢"(e) = je is convex for e > 0 and we find that the

inequality from Equation (20) will convert to

q g q1-3 q g 71-1
1 <1>q1+3 <1>41 q+ 3 (1)ql+<1>ql g
96 .91+ 4 2 4 2
1 [27 9 15 1
— | = — = — & 2
_{48 <8>+96} 6 128 @5
1 1\ 71 ] NI
<G ) (1) (2) ]
96-2" 1

Case two: Let (e) = »y¢3,e > 0. If we consider taking q = 2 and 9* € [1,2], 0" € [3,4],
then we can infer that the inequality from Equation (20) will convert to
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1
2

+

N——
N
+
N
INIEN
N———
N
| I
N—

(Q*_ﬂ*)Z o* 2 Q* 2 o*
_ T ) 3. (= L
9622 4 4 4
1 o* + Q* 3 Q*3 + 19*3 9*4 _ 19*4
<) . (25 _
= {48 ( 2 ) LTS 96(0" — 9%) (26)
1
* _ g%\2 %\ 2 x\ 2] 2 %\ 2 %\ 2
ctwop [y @) g ey )
96 -22 4 4 4 4

+
The three mappings attained from the Ry, My and Ly in the inequalities in Equation (25) are
drawn out in Figure 3 against q € [1.1,10]. The three mappings deduced from the Ry, My and Ly
in the inequalities in Equation (26) are drawn out in Figure 4 against 9* € [1,2], 0* € [3,4].

Nl—

0.02 — R
[ — M

oot fp————mmm"_ — L

ool

L

oozl e e

Figure 3. The graphical representation of Example 2 for 8* =1, ¢* =2 and g4 € [1.1,10].

[
v
[

1.0

30 3.4

Figure 4. The graphical representation of Example 2 for 8* € [1,2], o* € [3,4].

Comparative Analysis of Classical and Improved Bounds

Example 3. If we choose (e) = 15¢*,€ > 0, then | (¢)|7 = varepsilon* for g > 1 and e > 0
is a convex function. For the case where &« = 1,0* =1, 0* = 2 and q = 2, let us find the right part
of the inequalities from Equations (14) and (16).

(a)  For Equation (14), we have
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*

';[w(‘?*;‘\’ )+ 2 @‘”‘9*)} - 119* I lP(t)dt‘

R ;,{ W, 3l'te W]
2

+{3|¢"g9 )\, 19 <2e*>q] }

() B

~ 0.733214.

(b)  For Equation (16), we have

*

';H(W;¢)+¢@ﬂ;¢wﬂ}—@iw/f¢@w

*_19*
éLElﬁsum+m+m+m}

1
=16 —[0.12909 - {2.598076 + 2.345208 + 1.322876 + 1.732051}]

~ 0.064530.

Since 0.733214 > 0.064530, the extended Holder inequality gives a better estimate than
the classical Holder inequality. The 2D and 3D graphical illustrations of Example 3 are
mentioned in Figures 5 and 6, respectively.

— Holder
— |mproved Holder

1.5 2.0 2.5 3.0
Figure 5. The graphical representation of Example 3 for 9* =1, ¢* =2 and g € [1.1,10].

10 # Holder

H 'mproved Holder

Figure 6. The graphical representation of Example 3 for 9* € [1,2], 0* € [3,7].
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Example 4. If we choose {(e) = e, > 0, then |¢" (¢)|1=e° for g > 1 and ¢ > 0 is a convex
function. For the case where « = 1,9" = 1,0* = 2 and q = 2, let us find the right part of the
inequalities from Equations (20) and (22).

(a)  For Equation (20), we have

*

A[o(Tre) )L g

2 2 2 o — 0

==
—

*_19*2 ut's (% ’ 11 ¢ g% "ok
< (Q%zl){“ll’ (0)]7 +3[¢" (o )’P}p n [3‘1/’ 697 + [¢(o )ﬂ
ool [(7.3891+163.7944)% + (22.16716 + 54.5981)

 96.21
~ 0.1609.

(b) For Equation (22), we have

';[IP(ﬁ*;Q*) N w(@*)ﬂ;w(ﬁ*)} _ Q*lﬁ* /: ¥(e)de

- @W( 1 )1‘5 [{ lw”(%*w _ |¢”(19*>q}3’ N { 9" ()" lp"w*)w}%

= 16 12 1 60 60 15

+{13W(Q*)'q - "/’”w*)f}}] + { " ()" 71y (87)]f }]
120 40 40 120 )

1
e EO.2887 - [2.310122 + 0.646038 + 2.393757 + 0.966398|
~ 0.113958.

Since 0.1609 > 0.113958, the extended power mean inequality gives a better esti-
mate than the classical power mean inequality. The 2D and 3D graphical illustrations of
Example 4 are mentioned in Figures 7 and 8, respectively.

10 — Power Mean
. — |mproved Power Mean

0et

0.2}

0.0

4‘ fl 8I 1‘3
Figure 7. The graphical representation of Example 4 for 9* = 1,0* =2 and g € [1.1,10].

o ¥ Power Mean

8 mproved Power Mean

&0 : .

Figure 8. The graphical representation of Example 4 for ¢* € [2,3], 0" € [5,7].
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4. Applications

In this section, we employ our obtained results to derive some notable applications
in terms of special means, the quadrature rule and estimations of inequalities in terms of
special functions.

4.1. Special Means

We here consider the means for arbitrary real numbers 8%, 0* (¢ # 0*). We use the
following:

1.  Arithmetic mean:
19* *
A, 0") = JZFQ , 80" €R.

2. Logarithmic mean:
~ In|¢*| —

L@, e") ol

|0%| # |0*|, 9%, 0" #0, 9,0 € R.

3. Generalized log-mean:

1
*\n+1 _ 9* n+l1in
En(9,07) = ((Qn)+ 1)(@5_)19*) , n€Z\{-1,0},9"¢" €eR".

4.  Harmonic mean:

5. p-Logarithmic mean:
#\1+p _ (19*)1+p
A= e - )
Proposition 1. Let 8*,0* € [0,00), 9* < 0* andn € Z*, n > 2. Then, we have
1

Lz _ E[An(ﬂ*’g*) +A(l9*n,Q*n)} ’

* *\2
< 71(71 - 1)(8Q -9 ) S;{A;(ﬁ*|(n2)q/3|g*|(n2)q> +A% <3|l9*|(n72)q,‘g*|(n72)q) },

1
P
> , peR—{-1,0}, 9%, 0" > 0.

where
2+3p

(1+p)(1+2p)

Proof. This follows from Corollary 2 applied to the convex function
P(e) =€", P :[0,00) = R.
O

Proposition 2. Let #*, 0" € Rwith 0 < ¢* < ¢*. Then,
—1 /0% % 1 —1/0*% % —1/0% %
L (ﬁ,g)—i{A (0",0")+H (19,9)}'

—9%)2 1 1 . . 1 Kl— w—
gwf_;)sv{mmm ,3]0"| ) + AT (3197 , o”) 3#)}.

Proof. This follows from Corollary 2 applied to the convex function

Ple) = e £ 0
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O
Proposition 3. Let 8%, 0* € [0,00), 9* < 0%,V g > 1. Then, we have
kY 1 A(9*,0%) 9 o*
L0 = 3 A0+ a ()]

*_9%)2 1 1 . . 1 . .
g“?8ﬁ>w{A(M”34@Q+A%aﬂ%ww0}

Proof. This follows from Corollary 2 applied to the convex function
P(e) =€, :]0,00) = R.
O

Proposition 4. Let 9*,0* € [0,00), 9* < 0* and n € Z*, n > 2. Then, we have

* * 1 k * * *
L")~ 3 [A4"(6", )+ A0, 0™))

¥ 0%)2
< @976‘9),1(71 _1) [A; (‘19*|(”*2)P,3|Q*|("*2)P) LAY (3’19*|(n*2)p/ |Q*|(n2)r7)].

Proof. This follows from Corollary 4 applied to the convex function
P(e) =¢€", P :[0,00) = R.
O

Proposition 5. Let ¢*, 0" € Rwith 0 < ¢* < ¢*. Then,
—1/.a0% % 1 —1/,9% % —1/0% %
L) - 3 [a e e

(@ =0 )2 [ 45 (16%1-30 31p%|-3 » (316773, |0*| %P
gTAP<\19| ,3[0*] )+AP(3|19|  lo*] )

Proof. This follows from Corollary 4 applied to the convex function

P(e) = %,s # 0.
O

4.2. Quadrature Formula

Here, we present an application to a quadrature formula. Let d be a partition ¢* = ¢y <
€1... < €p_1 < &y = 0" of the interval [¢*, 0*| and consider the quadrature formula

*

[ ve)de =Ty )+ E(y,d),

*

where

m=1 . _ 4. . . , .
T(y,d) = Z (€1+12 &) {4’(81) +21/)(81+1) + 1/)(81 +2€1+1>:|, 27)
i=0

is the quadrature version and E(¢, d) is the approximation error. Here, we present some
error estimates for the quadrature formula.
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Proposition 6. Under the condition of Corollary 1, the following inequality is true:

‘/ e)de—T E i Gl [y )| + el @9

Proof. Apply Corollary 1 and we get the desired result. [

Remark 3. If the d-fragmentation of the interval [0*, 0*] is uniform, then, from Equations (27)
and (28), we get

g ;[ +¢(€1+1) +¢(€i +2€z‘+1)}’

and 5 a3 3
h 7 f g
‘/ e)de — T lpd)‘ﬁmMz_ 5 My = =),

48
where h =g —¢e;and My = max (W)N( x)])-

The resulting error is better than the errors expressed in terms of the second derivatives of the
Newton—Cotes (midpoint or trapezoid formula) and Gauss quadrature formulas:

M M
Ri(y) = S = 8"), or Ra(y) = 75 (¢" — 8",
and
_ M2n<n!)4 *  9%\3 _ (2n) _
RZn(lP) = ((2n).)3(2n+1) (Q 0 ) 'MZH*XEIEﬁ,);*](’lP (X) ),fOFTl—l
respectively.

Proposition 7. Let i:[0%,0*] — R be the differentiable mapping on (8*,0*) with 9* < o*.
Suppose that |¢" |1, g > 1 is a convex function; then, for every partition of [0*, 0*|, the midpoint
error satisfies

*

==

Br (1 ,2
[ were- w,d)] <Btp2ip)

x lH_EsK SIS LAC le)u<|¢“<si+l>w£5|¢“<si>q>q

+<|¢ uzw”(eﬁl)w) (W”(Sim'qéﬂwﬂ(%)qﬂ.

Proof. Apply Corollary 3 and then we get the desired result. [J

4.3. §-Digamma Function
The §-digamma mapping is determined by the expression below [34]:

£ty

NM—‘

0(e) = —In(§—1) +In(g <

with 4§ > 1and e > 0.
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Proposition 8. For 0 < 0* < ¢*, we get

1|, (0 +0 , %) +5(8) ] 55(0%) — 55(8"
2[%( ;e)M o ] q<egz_;*< )

¥ 0%)2
< -0 [
Proof. Applying (e) = d3(e) for e > 0 to Corollary 1, we obtain the desired result. O

5%//(19*) + 5%//(9*)

96

Proposition 9. For 0 < ¢* < ¢*,q > 1 and % + % =1, we get that

1, (8 +e +5,’7(Q*)+5%(19*)  S5(e") —63(8%)
2071 2 2 o* —U*

*_19*2 P P 1 P L 1
< (0 5 ) [( 5%//(19 )|+ 3 55/7//(Q ) )P 4 <3 (5;_//(19 )"+ 5%//(9 ) )P‘|‘

Proof. Applying i(e) = J;(e) for e > 0 to Corollary 4, we obtain the desired result. [

4.4. Modified Bessel Function
Let the function Z, : R — [1,0) be defined by

Tp(e) = 2PT(1 + p)e 2 I, (e),

For this, we recall the modified Bessel function of the first kind I, which is defined

as [35]: (s )p+2n
2

Ipe) =} nf(p+n+1)

n>0
The first- and nth-order derivative formulas of 7, (e) are, respectively [36]:

T(e) = gy Faen o)
"Ly (e)
de

_ 2
= 2" reP (1 +p>zF3(1;p'2;p; 1+Z nf1+P;£4>’

where »F3(., ., .) is the hypergeometric function defined by [36]:

) 1 1
e [ e
7 7 7 7 -2 —
2 2 2 4 20 (52 (B )k (1 + p)y 45 (k)!

Proposition 10. Let ¢, 0" € R with 0 < &* < o*; then, for each p > —1, we have

’1[19*+Q* 1 (ﬁ“rg*) Q*Il+p(9*)+19*11+p(19*)]_Ip(Q*)—Ip(ﬂ*)
2 *r

4(1+p) 2 41+ p) 0% — O
(0" —9*)? 55 3 l+p2+p p-2p-1 (8)
P LAV p *|p . .
< % 2 \/EI“(l—f—p)x |l9| »F3 5 "9 7 5 7 /1+Pr 4
‘i 1+p 2+p p-2p-—1 (¢*)?
p—3 . .
+|Q| 2P3< > /"9 ' 2 ’ 2 /1+p’ 4 :

Proof. Applying ¢(¢) = I;'j(e) to Corollary 1, we get the desired result. [J
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5. Concluding Remarks

In this study, we first developed a new fractional Bullen-type identity with a parame-
ter. Thus employing the theory of convexity, we provided new estimations of fractional
Bullen-type inequalities pertaining to twice-differentiable functions. An analysis of the im-
provement of the estimations was provided using several concrete examples with graphical
visualizations. Finally, several applications were provided as well. This study could be used
to explore for other general fractional integral operators with non-singular kernels. Also,
one can think about studying such results for other classes of convex functions, especially
coordinate convex functions.
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Abstract: In this work, we initially derive an integral identity that incorporates a twice-differentiable
function. After establishing the recently created identity, we proceed to demonstrate some new
Hermite-Hadamard-Mercer-type inequalities for twice-differentiable convex functions. Additionally,
it demonstrates that the recently introduced inequalities have extended certain pre-existing inequali-
ties found in the literature. Finally, we provide applications to the newly established inequalities to
verify their usefulness.
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1. Introduction

The inequality commonly referred to as Hadamard'’s inequality, named after Charles
Hermite and Jacques Hadamard, asserts that for a function ¢ : [0, ¢] — R is convex, the
following double inequality is valid:

If ¢ is a concave mapping, the reverse of the inequality stated above is true. The proof
of the inequality (1) can be established through the application of the Jensen inequality.
Extensive research has been conducted exploring various forms of convexities in the context
of Hermite-Hadamard. For example, in [14], the authors derived certain inequalities
associated with midpoint, trapezoid, Simpson’s, and other numerical integration formulas
for convex functions.

In 2003, Mercer [5] established an alternative form of Jensen’s inequality known as the
Jensen—Mercer inequality, which is formulated as

Theorem 1. For a convex mapping ¢ : [0,¢] — R, The subsequent inequality is valid for all
values of w; € [o,6] (j=1,...,n):

(P<U+€ - i%‘%’) < (o) + o) — i”f‘P(wj)f
=

j=i

n
where u; € [0,1] (j = 1/--'/”)””dj)::41”j =1
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In 2019, Moradi and Furuichi, as documented in [6], focused on enhancing and
extending Jensen-Mercer-type inequalities. Then, in 2020, Adil Khan et al. [7] demonstrated
the practical applications of the Jensen-Mercer inequality in information theory. Their work
involved calculating novel estimates for Csiszdr and associated divergences. Additionally,
he established fresh limits for Zipf-Mandelbrot entropy using the Jensen—Mercer inequality.

Kian et al. [8] applied the recently introduced Jensen inequality to derive novel formu-
lations of the Hermite-Hadamard inequality as follows:

Theorem 2. For a convex mapping ¢ : [0,¢] — R, the subsequent inequalities are valid for every
valueof w,y € [0, ¢land w <y :

¢(0+9—w;y)§¢Wﬂ+¢@>—1/V¢WMuS¢W?+¢@)—¢<w;y>(%

y—w Jo
and Wty 1 e
§0<f7+€2) < =@ Jorey ¢(u)du ®3)
< 9lotc—wtolotc—y)
- 2
w)+
< glo) +ole) - POFOUW)

Remark 1. The transformation of the inequality (3) into the classical Hermite-Hadamard inequality
(1) for convex functions is readily apparent by setting o = w, ¢ = y.

After that, many researchers tended towards these useful inequalities and succeeded
in proving different new variants of Hermite-Hadamard-Mercer inequalities. For example,
in [9-11], the authors applied the Riemann-Liouville fractional integrals and established
Hermite-Hadamard-Mercer-type inequalities with their estimates for differentiable convex
functions. In [12], Set et al. demonstrated some new Hermite-Hadamard-Mercer-type
inequalities for generalized fractional integrals, and each inequality demonstrated here is a
family of inequalities for different fractional operators. Chu et al. [13] proved some new es-
timates of Hermite-Hadamard—Mercer inequalities for fractional integral and differentiable
functions. Recently, Sial et al. [14] demonstrated Ostrowski’s type inequalities using the
Jensen—Mercer inequality for differentiable functions. Kara et al. [15] used the convexity
for interval-valued functions and demonstrated fractional Hermite-Hadamard—-Mercer-
type inequalities. The authors applied the concept of harmonically convex functions and
established Hermite-Hadamard—-Mercer inequalities with their estimates in [16].

So far, the Hermite-Hadamard-Mercer inequalities for twice-differentiable functions
have not been established as Hermite-Hadamard-type inequalities are proved. This is the
reason we employ double differentiability and introduce novel midpoint approximations
for the Hermite-Hadamard-Mercer inequality applicable to convex functions. These in-
equalities are new and a generalization of some inequalities existing in the literature. We
also observe that the bounds proved here are better than the already established ones.

2. Main Results

In this section, we establish novel midpoint-type inequalities by employing the Jensen—
Mercer inequality for convex functions.
Begin by considering the following lemma.

Lemma 1. Let ¢ : [0, ¢] — R be a twice-differentiable mapping. If ¢ is integrable and continuous,
then the following equality holds for all w,y € [0, ¢| and w < y:
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1 /0'+gfw
Yy—wJotg—y

(y—w)’
16

2

y

_2
l/wq)

bl

y—w

/Olezgo”((ﬂrg— <zw+2y>)d9
(e (43) - grapelers- (99) 5o

2
y—w?

e 2 " 0
Jy oo (3

[ 0 -0 I 0 2—6
¢ (0+g—( y+—2 w>>+(p <U+g—< w+y>>}d€
1 6 2-9 0 0
2 1 (2 2 1 _
/0 ¢ (U—l—g (Zy—l— > w))d6+/() ¢ <a+g (2w+y)> de

1 0 2—6
/0924)”((7+g—(2y+2w>)d9
20 Lo (0, 20
E AL 2y 2 ¢

_(wHty 4
(e (524)) 472

4)

wwﬂw¢<a+g<w;y>>
+2200) ) o (o (G 250) ) |aol.

Proof. From the right side of (4), we have

©)

Using the fundamental rules for integration by parts, we have

(6)

by

+7
0o Y—-w
20

_y—w

<2y+2;9“’>>d9]
(1) -Gl (%3Y))

(50 %5%))
8 (“3*))

19 "No+¢c— +—6 de
) ¢ G y 5

oo 0 +2—9 1
plo+g —2y — w

0

16
(y—w)’

o+G—w i
/‘T+g g p(w)dw.

+

Similarly, we have

9 @)

w+1/
16 e(w)dw.

o+6—
Jove
Thus, we obtain the required equality by using (6) and (7) in (5). O

Remark 2. For w = o and y = ¢, we can express the equality as follows:

! [f¢()mv ¢( e

[%;62%¥<20%—269>-+¢ (gg+—2290>}d4

(c—0)?
This reduces to a result by Sarikaya and Kiris in [17].

®)

16
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P

<

Theorem 3. If conditions of Lemma 1 hold and |¢" | is convex, then we have the following inequality:

’ e ¢(w>dw—¢<f7+g— (W))‘ ©)

o+6—y

< y16w) B(|‘P”(U)‘+|‘P"(€)|)—é(’¢’,(w)\+|<p”(y)])}

Proof. Using the equality (4) and the Jensen—-Mercer inequality, we obtain

e ———
[l (o5 o

+/0192 <a+g— (9w+”y>>‘d9}

(y;;)z{/o 92<|¢”(0)|+|¢”(9)|‘ <g|"’"(y)’+2;6"”ﬂ(w)|>)d9
+/01 92(]¢”(0)| +19"(6)| - (§|(P”(w)‘ + 2;9|4)H(y)|>)d6}

2
= USR03 0" @)+ lo" 0]

IN

IN

which completes the proof. [

Remark 3. For w = o and y = g, we get the following inequality:

7, v =o(755))

< Mw )| + 9" (©)]]-

This is established by Sarikaya and Kiris in [17] (Theorem 3 for s = 1).

Theorem 4. If conditions of Lemma 1 hold and |¢"'|7, g > 1 is convex, then we have the following
inequality:

T o —o(rre- (“5Y)) (10)

Jotg—y

w(i)l_; [(;(\w”ww @) - @i+ Sewr) )
(Y@ leor - wrZewr))']

Proof. From the equality (4) and employing the power mean inequality, we obtain:
1 rt+o—w w + y> ) ‘
— w)dw —@(oc+¢— [ ——
o L e (5
(y — “)>2 / ! 20 0 2-46
< M) I il
< 16 ; 0" | c+¢ 7Y + ;W do

o)y oo (ove= (3 55%) o

171




Axioms 2024,13, 114

N
d6>

< (y;g”f(/olezde)l_; [(/0192 fp"<¢7+€— <zy+2;6 >)
O e N

According to the Jensen-Mercer inequality, we can express it as

ol %))
- dw — _(vYTY
’y—w Ty plw)dw ¢<U+g ( 2

- (y—w)’ (1

w(;))l; [(;(‘¢//(0>’q+ |(p”(g)\‘7) _ ;(|¢”(w)|q+ §|§0"(y)|‘7>)q

+<;(|¢”(U)|q+|q)”(g)|q) _;<|¢//(y)|q+g|q)//(w)’q>)q '

Hence, the proof is completed. [

Remark 4. For w = o and y = ¢ in Theorem 4, we have the following inequality:

gi(,/:¢(w)dw—fp<gzﬂ>‘
< SE06) G ear)
+(;|¢”(0)l”+254|(P”(g)|q);].

This is established by Sarikaya and Kiris in [17] (Theorem 5 for s = 1).

Theorem 5. If conditions of Lemma 1 hold and |¢" |

, g > 1is convex, then we have the following
inequality:

1 rt+g—w w_|_y
y—W/Uﬂ;—y q)(w)dw—q)((f—l—g—( 2 ))‘

_ 2 " q " q %
o [(|¢~<aw+|¢~(g>yq_ (L2l sleelt))

4

4

+(\CP”(U)!‘7 +1¢"(g)]" - <3|g0’/(y)11 n |§0”(w)‘7)) 3,] |

Proof. From the equality (4) and Holder inequality, we get

1 r+c—w

’y W Jotg-y ¢(w)dw_¢<a+g_(6();—y))’
< W(/ﬂlezpde);k/; (p”<a+g—(§y+2;9 ))
e ]

9 N7
de)
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From the Jensen-Mercer inequality, we have
L )
m [<|¢”(0)|q+ 9" (c)]" — (¢”(y)lq+43|<p~(w)|q)>;
+(|(P”(¢T)|q + 1" (9)]" - <3|<P"(]/)q1r |(p”(w)”>) 3:] |

Thus, the proof is completed. [

Remark 5. For w = ¢ and y = ¢ in Theorem 5, we obtain [17] (Theorem 4 for s = 1).

3. Applications

In this section, we present practical uses for the specific mean of real numbers. For any
given positive real numbers o, ¢ (0 # ¢), we establish the following definitions for means:

(1) The arithmetic mean

A(o,¢) = UTJFQ
(2) The harmonic mean
H(o,¢) = Uzigg,
(3) The logarithmic mean
L(o,¢) = mg%na

(4) The p-logarithmic mean for p € R — {—1,0}
1
gp+1 —opt1 ] 7
Ly(o¢)=|>—"T
9 = [

Proposition 1. For the function ¢ : [0,¢] — R, the following inequality holds for w,y € [0, ¢]
and w <y :

(o +c—y,0+¢—w) = (24(0,6) = Aw,y))

. -w)?

- 12

Proof. The proof can be done for ¢(w) = w? in Theorems 3 and 4. [J

Proposition 2. For the function ¢ : [o,¢] — R, the following inequality holds for w,y € [o,g]
and w < y:

Li(c+c—y,0+¢—w)— (2A(0,¢) — A(w,y))

1
471 (y - w)?
16 x 2p+1

Proof. The proof can be done for ¢(w) = w? in Theorem 5. [J
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Proposition 3. For the function ¢ : [0,¢] — R, the following inequality holds for w,y € [0, ]
amdw < y:

L7 e+ gy, +6—w) — (2A(0,6) — Alw,y) |

< T () (20)]

Proof. The proof can be done for ¢(w) = 1, w # 0 in Theorem 3. [

4. Concluding Remarks

This study establishes novel Hermite-Hadamard-Mercer-type inequalities applicable
to twice differentiable convex functions. Furthermore, it demonstrates that these newly
derived inequalities serve as generalizations of certain previously established inequalities
in [17]. Several applications involving specific properties of real numbers, utilizing recently
established inequalities, are also presented. This presents an intriguing and innovative
challenge for future researchers aiming to derive analogous inequalities for increased
differentiability and various forms of convexity. It presents an intriguing challenge for
upcoming researchers to derive analogous inequalities for various fractional integrals by
employing convexity and non-fractal sets .
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